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Statistical learning context
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Minimize the empirical risk (ERM)

  “Pooling of unhappiness”≡

<latexit sha1_base64="/Y7BW7XXja4X200QkNXGm4R2A8Q="></latexit>Pn
i=1 mink kxi � ckk2

<latexit sha1_base64="VcKwdtaDMxFZAn3UIran23yeGIE="></latexit>P
i � log

�P
k wk N (xi;µk,�k)

�
Sum of Squared Errors (SSE): Maximum likelihood:

Example: k-means clustering Example: GMM fitting

centroids

<latexit sha1_base64="IIBx51W7HZkfaDXqNtCJ5mQa1Ks=">AAAB+HicbVC7TsMwFL3hWcqjAUYWiwqJqUoQCMYKFsYi0YfURpHjOK1Vx4lsB1GifgkLAwix8ils/A1OmwFajmT56Jx75eMTpJwp7Tjf1srq2vrGZmWrur2zu1ez9w86KskkoW2S8ET2AqwoZ4K2NdOc9lJJcRxw2g3GN4XffaBSsUTc60lKvRgPBYsYwdpIvl0bBAkP1SQ2F3r0mW/XnYYzA1ombknqUKLl21+DMCFZTIUmHCvVd51UezmWmhFOp9VBpmiKyRgPad9QgWOqvHwWfIpOjBKiKJHmCI1m6u+NHMeqyGYmY6xHatErxP+8fqajKy9nIs00FWT+UJRxpBNUtIBCJinRfGIIJpKZrIiMsMREm66qpgR38cvLpHPWcC8azt15vXld1lGBIziGU3DhEppwCy1oA4EMnuEV3qwn68V6tz7moytWuXMIf2B9/gDd5ZM4</latexit>xi

<latexit sha1_base64="tT8gNvwVzMwmPPeZ4jiF0jnQxLc="></latexit>

✓ = {ck}Kk=1

Gaussian mixture  
params.

<latexit sha1_base64="HBi6MLmwFH6vVRRYtA/ZB9NhTPQ="></latexit>

✓ = {wk,µk,�k}Kk=1

<latexit sha1_base64="6mht9B/rGY5O9hTvKiQWMxOjqow="></latexit>

e✓ 2 argmin
✓

1
n

Pn
i=1 `(✓,xi)

X = {xi 2 Rd}ni=1
<latexit sha1_base64="zwElDFLvLgd1tG2hq9L0zUB/Mvw="></latexit>

Parametric  
model

<latexit sha1_base64="hkYdDoQ8d8PvDD5w4TyLKtDOF0E=">AAACDnicbVDLSgMxFM34tr6qLt0Ei+CqzIioS9GNywr2gZ0imcytDeYxJHeUMvQfXLjVz3Anbv0Fv8JfMH0s1Hog4XDOveTkJJkUDsPwM5iZnZtfWFxaLq2srq1vlDe3Gs7klkOdG2lsK2EOpNBQR4ESWpkFphIJzeTufOg378E6YfQV9jPoKHarRVdwhl66jhNHY+wBsptyJayGI9BpEk1IhUxQuyl/xanhuQKNXDLn2lGYYadgFgWXMCjFuYOM8Tt2C21PNVPgOsUo8YDueSWlXWP90UhH6s+Nginn+irxk4phz/31huJ/XjvH7kmnEDrLETQfP9TNJUVDh9+nqbDAUfY9YdwKn5XyHrOMoy+pFGt44EYpptPCVzPwl5HpMIiRA99Q9LePadI4qEZH1YPLw8rp2aSrJbJDdsk+icgxOSUXpEbqhBNNnsgzeQkeg9fgLXgfj84Ek51t8gvBxzelBJ2P</latexit>

✓

”How unhappy  is with the model ”ℓ ≡ xi θ



<latexit sha1_base64="IIBx51W7HZkfaDXqNtCJ5mQa1Ks=">AAAB+HicbVC7TsMwFL3hWcqjAUYWiwqJqUoQCMYKFsYi0YfURpHjOK1Vx4lsB1GifgkLAwix8ils/A1OmwFajmT56Jx75eMTpJwp7Tjf1srq2vrGZmWrur2zu1ez9w86KskkoW2S8ET2AqwoZ4K2NdOc9lJJcRxw2g3GN4XffaBSsUTc60lKvRgPBYsYwdpIvl0bBAkP1SQ2F3r0mW/XnYYzA1ombknqUKLl21+DMCFZTIUmHCvVd51UezmWmhFOp9VBpmiKyRgPad9QgWOqvHwWfIpOjBKiKJHmCI1m6u+NHMeqyGYmY6xHatErxP+8fqajKy9nIs00FWT+UJRxpBNUtIBCJinRfGIIJpKZrIiMsMREm66qpgR38cvLpHPWcC8azt15vXld1lGBIziGU3DhEppwCy1oA4EMnuEV3qwn68V6tz7moytWuXMIf2B9/gDd5ZM4</latexit>xi
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Minimize the empirical risk (ERM) <latexit sha1_base64="qzLnZu60eGNJZBCRovMg2hurM4Q=">AAACC3icdVDLSgMxFM34rPVVdekmtAiuhox2tN0V3bisYB/QKSWTybShmQdJRinD7N34K25cKOLWH3Dn35hpKz7QA4GTc+7l3nvcmDOpEHo3FhaXlldWC2vF9Y3Nre3Szm5bRokgtEUiHomuiyXlLKQtxRSn3VhQHLicdtzxee53rqmQLAqv1CSm/QAPQ+YzgpWWBqWyc8M8OsIqdQKsRgRz2MwGX59uBgelCjKRXbctBJFpI6t+nJN6vVa1bWiZaIoKmKM5KL05XkSSgIaKcCxlz0Kx6qdYKEY4zYpOImmMyRgPaU/TEAdU9tPpLRk80IoH/UjoFyo4Vb93pDiQchK4ujLfUf72cvEvr5cov9ZPWRgnioZkNshPOFQRzIOBHhOUKD7RBBPB9K6QjLDAROn4ijqEz0vh/6R9ZFonZvWyWmmczeMogH1QBofAAqegAS5AE7QAAbfgHjyCJ+POeDCejZdZ6YIx79kDP2C8fgB/mptb</latexit>

bPX

<latexit sha1_base64="Mq/isk2PtmtVM/D7a0gdu685phA="></latexit>

✓?

<latexit sha1_base64="2uZJkWTLWgiLY6n1k70CYTtmV1Y="></latexit>

⇠ 1
n

nX

i=1

�xi

Empirical distribution

<latexit sha1_base64="xarNddRsj9gHpXqrnS8iSUUDqh4=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuwkQbbXalblxWsA9oQplMp+nQySTMTIQS+hFuXCji1u9x5984aSuo6IELh3Pu5d57wpQzpRH6sFZW19Y3Nktb5e2d3b39ysFhRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5Lrwu/dUKpaIOz1NaRDjSLARI1gbqes3WRT5+aBSRTZyPddBENkucryLgnhevea60LHRHFWwRGtQefeHCcliKjThWKm+g1Id5FhqRjidlf1M0RSTCY5o31CBY6qCfH7uDJ4aZQhHiTQlNJyr3ydyHCs1jUPTGWM9Vr+9QvzL62d6VA9yJtJMU0EWi0YZhzqBxe9wyCQlmk8NwUQycyskYywx0Sahsgnh61P4P+mc286lXbutVRvNZRwlcAxOwBlwwBVogBvQAm1AwAQ8gCfwbKXWo/VivS5aV6zlzBH4AevtE5V6j8M=</latexit> ( Risk function<latexit sha1_base64="QNmCtmve16iEPpx7wCHHMbg3Vmw="></latexit>

Ex⇠P̂X
`(✓,x)

<latexit sha1_base64="kKX9oIOR5aamZ6b3kOVr2Q1rqaY="></latexit>

e✓ 2 argmin
✓

1
n

Pn
i=1 `(✓,xi) = R(✓; bPX )
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Minimize the empirical risk (ERM)

… as a proxy for the true risk:
<latexit sha1_base64="N3kCQBlsYtxzF6BtspXfxZc+E+I="></latexit>

✓⇤ 2 argmin
✓

R(✓;P0) = Ex⇠P0`(✓,x)

<latexit sha1_base64="wC6t86cilt/N+xrktGxkk6DibU4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy4r2Ae0IUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hZ+75FKxWLxoLOEehEeCxYygrWRfLs+jLCeEMxR28+dGfLthtN05kCrxC1JA0q0fftrOIpJGlGhCcdKDVwn0V6OpWaE01ltmCqaYDLFYzowVOCIKi+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFTLXsFeJ/3iDV4bWXM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN93Lpnt/0WjdlHVU4RhO4AxcuIIW3EEbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx/gOJKU</latexit>P0Sampled view of

<latexit sha1_base64="qzLnZu60eGNJZBCRovMg2hurM4Q=">AAACC3icdVDLSgMxFM34rPVVdekmtAiuhox2tN0V3bisYB/QKSWTybShmQdJRinD7N34K25cKOLWH3Dn35hpKz7QA4GTc+7l3nvcmDOpEHo3FhaXlldWC2vF9Y3Nre3Szm5bRokgtEUiHomuiyXlLKQtxRSn3VhQHLicdtzxee53rqmQLAqv1CSm/QAPQ+YzgpWWBqWyc8M8OsIqdQKsRgRz2MwGX59uBgelCjKRXbctBJFpI6t+nJN6vVa1bWiZaIoKmKM5KL05XkSSgIaKcCxlz0Kx6qdYKEY4zYpOImmMyRgPaU/TEAdU9tPpLRk80IoH/UjoFyo4Vb93pDiQchK4ujLfUf72cvEvr5cov9ZPWRgnioZkNshPOFQRzIOBHhOUKD7RBBPB9K6QjLDAROn4ijqEz0vh/6R9ZFonZvWyWmmczeMogH1QBofAAqegAS5AE7QAAbfgHjyCJ+POeDCejZdZ6YIx79kDP2C8fgB/mptb</latexit>

bPX

<latexit sha1_base64="sN3ml0RsI9yaid81W+4s8vygfSk="></latexit>

if xi ⇠iid P0 and n ! +1

R(✓, bPX ) ⇡ R(✓,P0)

true data 
distribution

 Target statistical guarantee:→
<latexit sha1_base64="a3Oq151EgYknVCAMoEfXiRfLVhg="></latexit>

P
⇥
R
� e✓;P0

�
�R

�
✓⇤;P0

�
 ⌘

⇤
� 1� �

Probably Approximately Correct — PAC

“excess risk”

<latexit sha1_base64="Mq/isk2PtmtVM/D7a0gdu685phA="></latexit>

✓?

(for small ) η, δ > 0

<latexit sha1_base64="xarNddRsj9gHpXqrnS8iSUUDqh4=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuwkQbbXalblxWsA9oQplMp+nQySTMTIQS+hFuXCji1u9x5984aSuo6IELh3Pu5d57wpQzpRH6sFZW19Y3Nktb5e2d3b39ysFhRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5Lrwu/dUKpaIOz1NaRDjSLARI1gbqes3WRT5+aBSRTZyPddBENkucryLgnhevea60LHRHFWwRGtQefeHCcliKjThWKm+g1Id5FhqRjidlf1M0RSTCY5o31CBY6qCfH7uDJ4aZQhHiTQlNJyr3ydyHCs1jUPTGWM9Vr+9QvzL62d6VA9yJtJMU0EWi0YZhzqBxe9wyCQlmk8NwUQycyskYywx0Sahsgnh61P4P+mc286lXbutVRvNZRwlcAxOwBlwwBVogBvQAm1AwAQ8gCfwbKXWo/VivS5aV6zlzBH4AevtE5V6j8M=</latexit> ( Risk function<latexit sha1_base64="QNmCtmve16iEPpx7wCHHMbg3Vmw="></latexit>

Ex⇠P̂X
`(✓,x)

<latexit sha1_base64="kKX9oIOR5aamZ6b3kOVr2Q1rqaY="></latexit>

e✓ 2 argmin
✓

1
n

Pn
i=1 `(✓,xi) = R(✓; bPX )
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Minimize the empirical risk (ERM)

X = {xi 2 Rd}ni=1
<latexit sha1_base64="zwElDFLvLgd1tG2hq9L0zUB/Mvw="></latexit>

d
<latexit sha1_base64="i4T7bfCHibYNJNngwp/p1+TXADk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyTeM7A==</latexit>

<latexit sha1_base64="vwrgm9zBvyiF+D/NanBciIeWd5c="></latexit>

n examples

DatasetDataset
! Computationally expensive 

on modern large-scale data

Problem:
<latexit sha1_base64="Phud6MhuQuiEbwacTXWVmf27Ktc="></latexit>

! Require several passes over X (e.g., stochastic gradient descent);

! n typically very large;

<latexit sha1_base64="kKX9oIOR5aamZ6b3kOVr2Q1rqaY="></latexit>

e✓ 2 argmin
✓

1
n

Pn
i=1 `(✓,xi) = R(✓; bPX )
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Break the training down into two “cheaper” steps

Compress the dataset Nonconvex optimization

X = {xi 2 Rd}ni=1
<latexit sha1_base64="zwElDFLvLgd1tG2hq9L0zUB/Mvw="></latexit>

<latexit sha1_base64="vwrgm9zBvyiF+D/NanBciIeWd5c="></latexit>

n examples

d
<latexit sha1_base64="i4T7bfCHibYNJNngwp/p1+TXADk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyTeM7A==</latexit>

DatasetDataset
Learning 

phase
Sketching 

phase

<latexit sha1_base64="Co4p/omC+RpmRyryz4fX0WfpaeE="></latexit>

m coe�cients

<latexit sha1_base64="hkYdDoQ8d8PvDD5w4TyLKtDOF0E=">AAACDnicbVDLSgMxFM34tr6qLt0Ei+CqzIioS9GNywr2gZ0imcytDeYxJHeUMvQfXLjVz3Anbv0Fv8JfMH0s1Hog4XDOveTkJJkUDsPwM5iZnZtfWFxaLq2srq1vlDe3Gs7klkOdG2lsK2EOpNBQR4ESWpkFphIJzeTufOg378E6YfQV9jPoKHarRVdwhl66jhNHY+wBsptyJayGI9BpEk1IhUxQuyl/xanhuQKNXDLn2lGYYadgFgWXMCjFuYOM8Tt2C21PNVPgOsUo8YDueSWlXWP90UhH6s+Nginn+irxk4phz/31huJ/XjvH7kmnEDrLETQfP9TNJUVDh9+nqbDAUfY9YdwKn5XyHrOMoy+pFGt44EYpptPCVzPwl5HpMIiRA99Q9LePadI4qEZH1YPLw8rp2aSrJbJDdsk+icgxOSUXpEbqhBNNnsgzeQkeg9fgLXgfj84Ek51t8gvBxzelBJ2P</latexit>

✓
Parametric  

model
<latexit sha1_base64="W2rB0tJ4wP9BrxAGRlbMXF3M/R8="></latexit>

�
<latexit sha1_base64="Tz4IGMpgfskzpwdcikAmqKdCl24="></latexit>

�

<latexit sha1_base64="U0mnAA725GaXREiLsR4vPo95xyQ="></latexit>

d < m ⌧ n

<latexit sha1_base64="DglywFCLi9PNK4aBpysu/krULpA="></latexit>

sketch z

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Gribonval, R., Blanchard, G., Keriven, N., & Traonmilin, Y. (2021).Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Gribonval, R., Chatalic, A., Keriven, N., Schellekens, V., Jacques, L., & Schniter, P. (2021)

“Summary”
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Random features moments  (“empirical average”)

Sketching phase Example: random Fourier Features (RFF)
<latexit sha1_base64="08e5YFxe/7fE/2CugUB1YDTSNuc="></latexit>

�RFF(x) :=
1p
m
exp(i⌦>x) 2 Cm

<latexit sha1_base64="S1ahAvdOpC75IyE7y8JSHU4b5mw="></latexit>

with ⌦ = (!j)mj=1, !j ⇠i.i.d. ⇤(!) = [F�](!).

e.g., Gaussian kernel
Embeds a “nonlinear geometry”, e.g.,

<latexit sha1_base64="68rAPCwRkZKPksU4p207Y+ndsTI="></latexit>

with random nonlinearity � : Rd ! Cm

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Rahimi, Recht, 07

Compressive learning   (an introduction)

<latexit sha1_base64="/u+OXAe97TiY0DgS03WgSEZr8O0="></latexit>

h�RFF(x),�RFF(x0)i ' C exp|{z}
�

(�kx�x0k2

2�2 )

<latexit sha1_base64="NQ3JcvdaSGQgue75cSxI5AQ+6W4="></latexit>

z = A�( bPX ) = 1
n

nX

i=1

�(xi)
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Sketching phase

“Compressive sensing  
of prob. distributions”

<latexit sha1_base64="08e5YFxe/7fE/2CugUB1YDTSNuc="></latexit>

�RFF(x) :=
1p
m
exp(i⌦>x) 2 Cm

<latexit sha1_base64="S1ahAvdOpC75IyE7y8JSHU4b5mw="></latexit>

with ⌦ = (!j)mj=1, !j ⇠i.i.d. ⇤(!) = [F�](!).

Random sampling of the characteristic function (aka Fourier transform ) 
of the data distribution 

ℱ
𝒫0

e.g., Gaussian kernel

Sketching with RFF:

<latexit sha1_base64="68rAPCwRkZKPksU4p207Y+ndsTI="></latexit>

with random nonlinearity � : Rd ! Cm

<latexit sha1_base64="ipqQEvEBpSDtL0lgtD0L2G35G/U="></latexit>

{F [P0](!j)}mj=1

z }| {

Compressive learning   (an introduction)

Embeds a “nonlinear geometry”, e.g.,

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Rahimi, Recht, 07

Example: random Fourier Features (RFF)

<latexit sha1_base64="/u+OXAe97TiY0DgS03WgSEZr8O0="></latexit>

h�RFF(x),�RFF(x0)i ' C exp|{z}
�

(�kx�x0k2

2�2 )

Random features moments  (“empirical average”)
<latexit sha1_base64="NQ3JcvdaSGQgue75cSxI5AQ+6W4="></latexit>

z = A�( bPX ) = 1
n

nX

i=1

�(xi)

<latexit sha1_base64="k5fcDO20NMN4r3CDvu/fg7HcloU="></latexit>

z�RFF = 1
n

nX

i=1

�RFF(xi) ' [Ex⇠P0e
i!>

j x]mj=1 =: A�RFF(P0)
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Minimize a (non-convex) cost function
<latexit sha1_base64="UwcNCyD8ZX8gv+3qJZWIRdaeppI="></latexit>

b✓ 2 argmin
✓2⇥

C(✓; z) := kz �A�(P✓)k

Parametric  
distribution  

(model)

<latexit sha1_base64="kp4J+fegRA9580hSoCtwvfvOy4s="></latexit>

P✓ =
PK

k=1 ↵k�ck

Example: k-meansLearning phase

  minimize sketch distance, or “matching frequencies”≡

Compressive learning   (an introduction)

(Small)

<latexit sha1_base64="DglywFCLi9PNK4aBpysu/krULpA="></latexit>

sketch z
(Larger)

<latexit sha1_base64="DglywFCLi9PNK4aBpysu/krULpA="></latexit>

sketch z

<latexit sha1_base64="D8Olt68HlN0RihdepBLCoywXmAY="></latexit>

b✓ = argmin
✓2⇥

C(✓; z)
<latexit sha1_base64="zXZ8+ywI9V0WMOTk1boGv3f+Ehs="></latexit>

argmin
✓2⇥

R(✓;P0) = ✓⇤

<latexit sha1_base64="HlUMFWf+EqyMavCzESmuN4oTlyY="></latexit>

R(b✓;P0)�R(✓?;P0)



11

Theoretical guarantees:

<latexit sha1_base64="NRgiJ7C4XbRFjz46shgwT1fNJiE="></latexit>

8✓,✓0 2 ⇥, kP✓ � P✓0kR  � kA�(P✓)�A�(P✓0)k2

<latexit sha1_base64="Zr2JcRPa7EAlNbTrqQHvb87pEZI="></latexit>

(given kP � P 0kR := sup↵2⇥ |R(↵,P)�R(↵,P 0)|)

= distance between  &  wrt task-specific risk 𝒫 𝒫′ ℛ
Assumption: The sketch encodes the risk, i.e., 

<latexit sha1_base64="LjhMOIiq+wuSgyI09jK3yoQhEjc="></latexit>

A� respects the Lower Restricted Isometry Property (LRIP):

Compressive learning   (an introduction)
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Theoretical guarantees:

<latexit sha1_base64="NRgiJ7C4XbRFjz46shgwT1fNJiE="></latexit>

8✓,✓0 2 ⇥, kP✓ � P✓0kR  � kA�(P✓)�A�(P✓0)k2

<latexit sha1_base64="Zr2JcRPa7EAlNbTrqQHvb87pEZI="></latexit>

(given kP � P 0kR := sup↵2⇥ |R(↵,P)�R(↵,P 0)|)

= distance between  &  wrt task-specific risk 𝒫 𝒫′ ℛ
Assumption: The sketch encodes the risk, i.e., 

<latexit sha1_base64="LjhMOIiq+wuSgyI09jK3yoQhEjc="></latexit>

A� respects the Lower Restricted Isometry Property (LRIP):

Then, given the estimate                                                            ,
<latexit sha1_base64="1SP6eTXwqvndO0Hs8MRdxV7SM3o="></latexit>

b✓ 2 argmin
✓2⇥

kA�( bPX )�A�(P✓)k

Excess risk

<latexit sha1_base64="0t/+yXKfI85LcKqjz6v0W/zOaps="></latexit>

R(b✓;P0)�R(✓?;P0)  inf
✓2⇥

d(P0,P✓) + 4�kA�( bPX )�A�(P0)k2
Modeling error Sampling error

(for a certain distance d)

<latexit sha1_base64="e8tDPqaTdD4spemQFvD9tjZEmqg="></latexit> zz }| {
(assuming we can exactly solve it)

Satisfying the LRIP? (w.h.p)

Compressive learning   (an introduction)

<latexit sha1_base64="KfGRhwhxeFA16mLvH1mdL1BW2eA="></latexit>

Task (in Rd) Sample complexity (up to log.)

k-means m & k2d

GMM m & k2d (or m & ked)
Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Gribonval, R., Blanchard, G., Keriven, N., & Traonmilin, Y. (2021).
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(The question)   Decoupling the sketching and learning phases?  With ?Ψ ≠ Φ

Possible advantages: 
‣ avoid complex exponential at sketching; 
‣ opt for hardware friendly, quantized sketching procedure; 
‣ reduced transmission cost; 

‣ still differentiable learning cost & relaxed conditions.

sketch

Compress the dataset Nonconvex optimization

X = {xi 2 Rd}ni=1
<latexit sha1_base64="zwElDFLvLgd1tG2hq9L0zUB/Mvw="></latexit>

d
<latexit sha1_base64="i4T7bfCHibYNJNngwp/p1+TXADk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyTeM7A==</latexit>

<latexit sha1_base64="vwrgm9zBvyiF+D/NanBciIeWd5c="></latexit>

n examples

DatasetDataset

Learning 
phase

Sketching 
phase

<latexit sha1_base64="Co4p/omC+RpmRyryz4fX0WfpaeE="></latexit>

m coe�cients

<latexit sha1_base64="hkYdDoQ8d8PvDD5w4TyLKtDOF0E=">AAACDnicbVDLSgMxFM34tr6qLt0Ei+CqzIioS9GNywr2gZ0imcytDeYxJHeUMvQfXLjVz3Anbv0Fv8JfMH0s1Hog4XDOveTkJJkUDsPwM5iZnZtfWFxaLq2srq1vlDe3Gs7klkOdG2lsK2EOpNBQR4ESWpkFphIJzeTufOg378E6YfQV9jPoKHarRVdwhl66jhNHY+wBsptyJayGI9BpEk1IhUxQuyl/xanhuQKNXDLn2lGYYadgFgWXMCjFuYOM8Tt2C21PNVPgOsUo8YDueSWlXWP90UhH6s+Nginn+irxk4phz/31huJ/XjvH7kmnEDrLETQfP9TNJUVDh9+nqbDAUfY9YdwKn5XyHrOMoy+pFGt44EYpptPCVzPwl5HpMIiRA99Q9LePadI4qEZH1YPLw8rp2aSrJbJDdsk+icgxOSUXpEbqhBNNnsgzeQkeg9fgLXgfj84Ek51t8gvBxzelBJ2P</latexit>

✓

Parametric  
model

<latexit sha1_base64="kLBcZYmGBD26C4vd/2xZRmCP7H0="></latexit>

 
<latexit sha1_base64="Tz4IGMpgfskzpwdcikAmqKdCl24="></latexit>

�

<latexit sha1_base64="9QjC0iHZQTFO9Eo3TIT6vtWYt8o="></latexit>z 

…0011011000110011…
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Dithering “smoothes” 
quantization/discontinuities  

(see later)

xi

= ·

!
<latexit sha1_base64="8BB869ZFeTXRbsyM3GTDDHtYYUU=">AAACGnicbVC7TsMwFHV4lvIKMLJYVEhMVYwQMFawMBaJPqQmihzHaa06TmQ7iCrKd7DwKywMIMSGWPgbnDYDtFzJ8tE59+qee4KUM6Ud59taWl5ZXVuvbdQ3t7Z3du29/a5KMklohyQ8kf0AK8qZoB3NNKf9VFIcB5z2gvF1qffuqVQsEXd6klIvxkPBIkawNpRvIzeSmOSoyEUBXZXFfu4GCQ/VJDYffPAZdJmAboz1iGAO+4VvN5ymMy24CFAFGqCqtm9/umFCspgKTThWaoCcVHs5lpoRTou6mymaYjLGQzowUOCYKi+fnlbAY8OEMEqkeULDKft7IsexKr2aztKimtdK8j9tkOno0suZSDNNBZktijIOdQLLnGDIJCWaTwzARDLjFZIRNllpk2bdhIDmT14E3dMmOm+i27NG66qKowYOwRE4AQhcgBa4AW3QAQQ8gmfwCt6sJ+vFerc+Zq1LVjVzAP6U9fUD4JKhXg==</latexit>

1

n

X

xi2X

<latexit sha1_base64="0gmi7wzdDctTG3hBK+CSyaTPgsE=">AAACAHicdVDLTgIxFO3gC/E16sKFm0Zi4mrSQRhYEt24ExMBE2YknVKgoTOdtB0TQtj4K25caIxbP8Odf2MHMFGjJ2l6cs69ufeeMOFMaYQ+rNzS8srqWn69sLG5tb1j7+61lEgloU0iuJA3IVaUs5g2NdOc3iSS4ijktB2OzjO/fUelYiK+1uOEBhEexKzPCNZG6toHfih4T40j80H/MqIDfOtrkXTtInI8r3yKahA5pVK1hJAhyK2gigddB81QBAs0uva73xMkjWisCcdKdVyU6GCCpWaE02nBTxVNMBnhAe0YGuOIqmAyO2AKj43Sg30hzYs1nKnfOyY4UtmOpjLCeqh+e5n4l9dJdb8WTFicpJrGZD6on3KoBczSgD0mKdF8bAgmkpldIRliiYk2mRVMCF+Xwv9Jq+S4nuNelYv1s0UceXAIjsAJcEEV1MEFaIAmIGAKHsATeLburUfrxXqdl+asRc8++AHr7RM7RpbV</latexit>

⌦>

<latexit sha1_base64="CH754CBov6XB27QT+UrRCeURvpw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahp7IrRT2WevFYwX5Iu5Rsmt2GJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Hbud5+o0iyWD2aaUF/gSLKQEWys9BiiQZNFURUNyxW35i6A1omXkwrkaA3LX4NRTFJBpSEca9333MT4GVaGEU5npUGqaYLJBEe0b6nEgmo/Wxw8QxdWGaEwVrakQQv190SGhdZTEdhOgc1Yr3pz8T+vn5rwxs+YTFJDJVkuClOOTIzm36MRU5QYPrUEE8XsrYiMscLE2IxKNgRv9eV10rmseVe1+n290mjmcRThDM6hCh5cQwPuoAVtICDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AGVHj4A=</latexit>

f

 
⇠

+

<latexit sha1_base64="j1AjBLVIxROH8Gd3DYt57Zsn6gM=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR6HXjxOcHOwlpKm6RaWJiVJha0M/xUvHhTx6v/hzf/GdOtBNx+EPN77/cjLC1NGlXacb6uysrq2vlHdrG1t7+zu2fsHXSUyiUkHCyZkL0SKMMpJR1PNSC+VBCUhIw/h6KbwHx6JVFTwez1OiZ+gAacxxUgbKbCPvFCwSI0Tc8FJkHttRaeBXXcazgxwmbglqYMS7cD+8iKBs4RwjRlSqu86qfZzJDXFjExrXqZIivAIDUjfUI4Sovx8ln4KT40SwVhIc7iGM/X3Ro4SVQQ0kwnSQ7XoFeJ/Xj/T8ZWfU55mmnA8fyjOGNQCFlXAiEqCNRsbgrCkJivEQyQR1qawminBXfzyMumeN9yLRvOuWW9dl3VUwTE4AWfABZegBW5BG3QABhPwDF7Bm/VkvVjv1sd8tGKVO4fgD6zPH+kmlYg=</latexit>z 

random periodic Features (RPF)Ψ ≡

dithering 
∼ 𝒰([0,2π])

random  
projections

 Pooling  
(average)

°2º °º 0 º 2º
°1

0
1

f (t) = exp(it)

°2º °º 0 º 2º
°1

0
1

f (t) = q(t)

°2º °º 0 º 2º
°1

0
1

f (t) = fmod(t)

°2º °º 0 º 2º
°1

0
1

f (t) = exp(it)

°2º °º 0 º 2º
°1

0
1

f (t) = q(t)

°2º °º 0 º 2º
°1

0
1

f (t) = fmod(t)

°2º °º 0 º 2º
°1

0
1

f (t) = exp(it)

°2º °º 0 º 2º
°1

0
1

f (t) = q(t)

°2º °º 0 º 2º
°1

0
1

f (t) = fmod(t)

Random binary featureRFF Random modulo feature

Nonlinear periodic “activation”  :f
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<latexit sha1_base64="cWIheKpQ/nQqwYwKUCpARFdb2d0="></latexit>

b✓
0
2 argmin

✓2⇥
C�(✓; z ) := kz �A�(P✓)k

Plug the “ ” sketch into the “ ” cost function!  
Solve “as before”, without changing anything!

Ψ Φ

e.g., full-precision RFFe.g., binary features

(Similar philosophy in non-linear  
compressive sensing)Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Plan, Y., & Vershynin, R. (2016)
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<latexit sha1_base64="cWIheKpQ/nQqwYwKUCpARFdb2d0="></latexit>

b✓
0
2 argmin

✓2⇥
C�(✓; z ) := kz �A�(P✓)k

Plug the “ ” sketch into the “ ” cost function!  
Solve “as before”, without changing anything!

Ψ Φ

e.g., full-precision RFFe.g., binary features

Intuitive explanation: Fourier Series  
decomposition 

Fundamental frequency

Higher frequencies+
+
+  …

(the dither magic trick)

<latexit sha1_base64="5eg9D8TQGW3wUHtSBI5Bw2kuhT8="></latexit>

C�(✓; z ) ⇡ kz� �A�(P✓)k +
Pm

j=1

P
k 6=1 Ck,j exp(i(k � 1)⇠j)

Good ol’ CL cost 
(what we want)

(boring expression)

Artefacts of quantization
<latexit sha1_base64="gHpHSHJW9eOxN0EpKj13WdDfhxU="></latexit>

E⇠ exp(i(k � 1)⇠) = 0 8k 6= 1

 0 in expectation on  since→ ξ

<latexit sha1_base64="/AiQzHBmxlIL8ElTPfBkLRFpRyg="></latexit>

C�(✓; z�)

<latexit sha1_base64="I16/jG3693AQ9xTRlP/l/yzbazw="></latexit>

(

(Similar philosophy in non-linear  
compressive sensing)Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Plan, Y., & Vershynin, R. (2016)
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We do not generalize de LRIP (too hard),   we rather complete it! (easier)

<latexit sha1_base64="NRgiJ7C4XbRFjz46shgwT1fNJiE="></latexit>

8✓,✓0 2 ⇥, kP✓ � P✓0kR  � kA�(P✓)�A�(P✓0)k2

Assumption 1: The (learning) sketch  encodes the risk, i.e., Φ

Assumption 2: The (encoding) sketch not too much “distorted” along specific directions, i.e.,

<latexit sha1_base64="49IYmxk7/PuQNZjsz4aSpeZ46eE="></latexit>

8X , 8✓ 2 ⇥, |hA ( bPX )�A�( bPX ),A�(P✓)i|  ✏

<latexit sha1_base64="RQ8EsfvKNh9E048alYZbq18HTTQ="></latexit>

A and A� respect the Limited Projected Distortion (LPD): 9✏ > 0 s.t.

<latexit sha1_base64="piQk8QE7CHZ05ALzrceHbGXEMjs="></latexit>

A� respects the Lower Restricted Isometry Property (LRIP): 9� > 0 s.t. (as for SCL)

(new condition)
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We do not generalize de LRIP (too hard),   we rather complete it! (easier)

Excess risk Modeling error 
(for a certain distance d)

Sampling error

<latexit sha1_base64="pQyCkA7EM3VSzxJEcXJ9K1F+mcg="></latexit>

R(b✓
0
;P0)�R(✓?;P0)  inf

✓2⇥
d(P0,P✓) + 4�kA�( bPX )�A�(P0)k2 + 4�

p
✏

Distortion error 
(Sketch distortion)

(as before) (new term)

given the estimate (assuming we can exactly solve it)

<latexit sha1_base64="DUpsexxXT4qUb2+PIZTnZW94A5k="></latexit>

b✓
0
2 argmin

✓2⇥
kA ( bPX )�A�(P✓)k

<latexit sha1_base64="eqIkVoUdWPoj/k2TAvLTRDL0+8o="></latexit>| {z }
z 

If both LRIP (with ) & LPD (with ) hold then,γ > 0 ϵ > 0

,
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<latexit sha1_base64="49IYmxk7/PuQNZjsz4aSpeZ46eE="></latexit>

8X , 8✓ 2 ⇥, |hA ( bPX )�A�( bPX ),A�(P✓)i|  ✏

<latexit sha1_base64="RQ8EsfvKNh9E048alYZbq18HTTQ="></latexit>

A and A� respect the Limited Projected Distortion (LPD): 9✏ > 0 s.t.What we want :
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<latexit sha1_base64="qzLnZu60eGNJZBCRovMg2hurM4Q=">AAACC3icdVDLSgMxFM34rPVVdekmtAiuhox2tN0V3bisYB/QKSWTybShmQdJRinD7N34K25cKOLWH3Dn35hpKz7QA4GTc+7l3nvcmDOpEHo3FhaXlldWC2vF9Y3Nre3Szm5bRokgtEUiHomuiyXlLKQtxRSn3VhQHLicdtzxee53rqmQLAqv1CSm/QAPQ+YzgpWWBqWyc8M8OsIqdQKsRgRz2MwGX59uBgelCjKRXbctBJFpI6t+nJN6vVa1bWiZaIoKmKM5KL05XkSSgIaKcCxlz0Kx6qdYKEY4zYpOImmMyRgPaU/TEAdU9tPpLRk80IoH/UjoFyo4Vb93pDiQchK4ujLfUf72cvEvr5cov9ZPWRgnioZkNshPOFQRzIOBHhOUKD7RBBPB9K6QjLDAROn4ijqEz0vh/6R9ZFonZvWyWmmczeMogH1QBofAAqegAS5AE7QAAbfgHjyCJ+POeDCejZdZ6YIx79kDP2C8fgB/mptb</latexit>

bPX
<latexit sha1_base64="Z5ZbRkhm7AtIKiCzs6xUfh49sI0=">AAACJnicdVDLSgMxFM34rPXV6tJNsAiuyoxo1V3RjUtFW4VOKXcyaY3mMSQZpQzzD271C/wadyLu/BQztUIVPRA4nHMv9+RECWfG+v67NzU9Mzs3X1ooLy4tr6xWqmtto1JNaIsorvRVBIZyJmnLMsvpVaIpiIjTy+j2uPAv76g2TMkLO0xoV8BAsj4jYJ3UDs/ZQECvUvPr/gh4guz5wWEjwMFYqaExTntVrxzGiqSCSks4GNMJ/MR2M9CWEU7zcpgamgC5hQHtOCpBUNPNRnFzvOWUGPeVdk9aPFInNzIQxgxF5CYF2Gvz2yvEv7xOavsH3YzJJLVUkq9D/ZRjq3DxdxwzTYnlQ0eAaOayYnINGoh1DZVDSe+JEgJknIWE51lYXCDA859WZJwVKR4XGRXPXXvfFeH/SXunHjTqu2e7tebRuMcS2kCbaBsFaB810Qk6RS1E0A16QI/oyXv2XrxX7+1rdMob76yjH/A+PgEl/6aS</latexit>

⌃

<latexit sha1_base64="a7J01cLcfd+raEWZ0MEZzs0pW7I="></latexit>

Assuming P[x 2 ⌃] � 1� ⇣ if x ⇠ bPX or P✓, we first note that

signal-LPD (sLPD)

<latexit sha1_base64="DF6qXgxEtwWlVCvkudEOTcViXuQ="></latexit>��h (x)� �(x),�(x0)i
��  ✏0, 8x,x0 2 ⌃.

so, sLPD  LPD⇒
<latexit sha1_base64="DPqjemRCvTWYqiv02jzPZhZongw="></latexit>P✓

Data domain

<latexit sha1_base64="49IYmxk7/PuQNZjsz4aSpeZ46eE="></latexit>

8X , 8✓ 2 ⇥, |hA ( bPX )�A�( bPX ),A�(P✓)i|  ✏

<latexit sha1_base64="RQ8EsfvKNh9E048alYZbq18HTTQ="></latexit>

A and A� respect the Limited Projected Distortion (LPD): 9✏ > 0 s.t.What we want :

<latexit sha1_base64="CEfqtS+amHdjEetSS8e9afJwZuE="></latexit>

⇣

<latexit sha1_base64="NamLNFS6hhRj4463DOtV7NxtL4g="></latexit>

1� ⇣

<latexit sha1_base64="N/U7Z3lP5/ScnPeg02wHlU9oEZk="></latexit>

|hA ( bPX )�A�( bPX ),A�(P✓)i| 
RR ��h (x)��(x),�(x0)i

�� d bPX (x)dP✓(x0)  C✏0+D⇣,

If

Ok, how to prove the sLPD now?



Proving the sLPD   (for RPF & RFF) 

21

Considering Random Periodic Features (RPF), with:

Key property of  : mean Lipschitz smoothnessf (more permissive than Lipschitz smoothness)

<latexit sha1_base64="/1VLQ0qk/uhOsNri73rW7cfQqQU="></latexit>

Et⇠U [0,2⇡] sup
r2[��,+�]

|f(t+ r)� f(t)|  Lµ
f · �

“Smooth on average”

<latexit sha1_base64="q1qwJVV6O4VANwMYoJDLuj4lpUU="></latexit>

 f (x) :=
1

F1
p
m
f(⌦>x+ ⇠) 2 Cm, �RFF =  exp(i·), f(t) =

P
k Fkeikt

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Schellekens, V., & Jacques, L. (2022a).

<latexit sha1_base64="S3uIqJUaFljGqIWPwro+Qy5/e6k="></latexit>

m & ✏�2
Hc✏(⌃) )

��h (x)� �(x),�(x0)i
��  ✏, 8x,x0

2 ⌃, w.h.p.

signal-LPD (sLPD)

“Dimension” of , 
e.g.,  if

Σ
k log(k /ϵ) dim(Σ) = k

≡

Sampling condition
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Let us consider k-means or GMM fitting, and the estimate
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Assumptions: + bounded data domain (in )ℓ∞

+ mode variance   (for GMM)≤ S
+ LRIP satisfied for the task (with )γ > 0

Excess risk Modeling error 
(for a certain distance d)

Sampling error

Distortion error 
(Sketch distortion)
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If, for k-means, , or, for GMM fitting,
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(for some ⇢ > d)

Then, with proba , ≥ 1 − C exp(−cmϵ2)
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How large should the sketch be to reach desired learning performance?

K-means
<latexit sha1_base64="AWrSveaPyPx69cnuoPNf7Z4ZQoo="></latexit>

d = 5 dims,
K = 10 clusters,
n = 105 samples.

GMM fitting
<latexit sha1_base64="lmpdhPokRrqGcMHrQVm1xrgJ7s4="></latexit>

d = 5 dims,
K = 10 modes,
n = 105 samples.

Numerical 
Contexts

Some numerical results*   (synthetic data)

*: Real data, audio classification task in extra slides
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How large should the sketch be to reach desired learning performance?
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d = 5 dims,
K = 10 modes,
n = 105 samples.
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(prediction from theory)

*: Real data, audio classification task in extra slides



Conclusion

Take away messages: 
‣ We can make CL asymmetric & keep theoretical guarantees (with LPD) 
‣ Relaxed conditions on sketching vs learning 
‣ Hardware friendly sketching (e.g., quantized)   
‣ New sketching are possible (such as modulo) 

Limitation & open questions: 
‣ Hidden (large) constants for LRIP and LPD  
‣ Sample complexity for LPD in function of model set dimension (and not )? 
‣ Gap between the theoretical guarantees and empirical performances (SCL & ACL)

Σ

25

(  the “compressive sensing crime”)≡
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ESC-50 dataset: 
- 2500 audio clips lasting 5s; C = 50 classes (e.g., animals, water sounds, urban noises) 
- Mel Frequency Cepstral Coefficients (MFCC) of 15ms ( ) 

Scenario: 
- We compute   

for SCL (with ) and ACL (with ) 
- Minimizing transmission cost 
- Compare (64bits) SCL, and (1bit) ACL 

 Objective  competitive classification 

Method: 
- GMM-fit with  modes  

extracted from SCL & ACL. 
- Classification using “alpha features” (on a test set) 

J =
𝒳 = {xj}n

j=1 ⊂ ℝd=10 ≡ n = 334J = 835 000

zf = 1
n ∑n

j=1 Ψf(xj)

f( ⋅ ) = exp(𝗂 ⋅) f = q

→ ≠

K = 32

Real data, audio classification task
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Fig. 5: Test accuracy of the GMM-based audio classification procedure
described in [34], as versus number of bits per contribution, for full-
precision (blue) or quantized (green) sketch contribution, and with plain
Expectation-Maximization (dashed black) on the ESC-50 dataset.

assignement of that clip’s MFCC vectors to each of the K
Gaussian modes, i.e.,

↵(j)
k := 1

N

PN
i=1

wkpN (x(j)
i ;µk,�k)

PK
k=1 wkpN (x(j)

i ;µk,�k)
.

Finally, a SVM is learned on the alpha features to classify
the J audio samples; see [34] for additional details.

We train this classification scheme and evaluate it on a
separate test set (20% of the full dataset), for various values
of the sketch dimension m. Assuming a scenario where
minimizing the transmission cost is crucial, we compare the
performances at given values of the number of bits b sent
per ”message”, i.e., per featurized MFCC vector  (xi). For
usual full-precision RFF  = �RFF, we assume the real and
imaginary numbers are encoded by 64 bits, i.e., b = 128m.
For the quantized RFF  =  q we have, by construction,
b = 2m. As baseline, we also report the accuracy when
Expectation-Maximization (EM) is performed on the whole
dataset to learn the GMM (“un-compressed learning”).

The results are shown Fig. 5. In this specific scenario,
the ACL scheme with quantized contributions is particularly
advantageous over the full-precision symmetric CL scheme,
as the same performances can be reached with a bitrate

reduction by a factor of at least 30. Moreover, when the
sketch size is large enough, both compressive learning
approaches are competitive with the EM baseline, which re-
quires several passes over the entire database X . Of course,
this doesn’t mean CL is necessarily the best candidate
for the scenario described here, as other approaches using
e.g., distributed learning could be considered; recall that
we focus here on the comparison between symmetric and
asymmetric CL.

VI. CONCLUSION

As a first main contribution, we defined the asymmetric
compressive learning (ACL) scheme and formally estab-
lished excess risk bounds for it. This was achieved by
introducing a specific LPD property—telling us “how far”

a distorted feature map is from an undistorted one—that
combines with the classical LRIP of compressive learning to
explain the ACL performances. Our second key contribution
was to apply this result (i.e., proving the LPD property)
to the specific case of quantized (and modulo) sketch
contributions. We then further validated those results with
numerical simulations.

However, our contribution focused on deriving an excess
risk bound without particular care for its tightness. In
particular, using Lemma 3 to prove the LPD requires to have
a sketch size m scaling with the complexity (Kolmogorov
entropy) of a signal set ⌃, which is not a required ingredient
in previous (symmetric) CL guarantees [4]; this could be
suboptimal if ⌃ is large (in the Kolmogorov entropy sense);
ideally, our results should depend on the complexity of the
model set G rather than the signal space ⌃.

Moreover, just as the existing CL guarantees, the ex-
cess risk bound is not readily exploitable in practice. For
instance, the LRIP constant and the Kolmogorov entropy
are hard to pin down accurately, and involve solving non-
trivial trade-offs to be interpreted properly (e.g., between
the sketch size m, the probability of failures, the error
contributions ✏). As a last caveat, let us recall that the
current compressive learning algorithms used in practice
are heuristics that do not have convergence guarantees.
Future work is thus needed to bridge the gap between
the theoretical guarantees and empirical performances of
compressive learning—symmetric or not.

APPENDIX A
QUANTIZED AND MODULO SKETCH CONSTANTS

We compute here the mean Lipschitz constant Lµ
f , and

the constants Cf and cf defined in Prop. 2, when f(·) is
either the universal quantization operation q(·) defined in
(20), or the (complex) modulo mod(·) in (21).

In the case of q, its first FS coefficient is Q1 = 4
⇡ ,

kqk1 =
p

2, and Lµ
q = 8

⇡ from [15, Prop. 6]. This gives
Cq = (1 + kqk1/|Q1|) = 1 + ⇡

2
p

2
and cq = 24C⇤.

Regarding the modulo function mod, since mod2⇡(t) =P
k 6=0

i
⇡keikt, its first FS coefficient is M1 = 2i

⇡ , and
kmodk1 = (1 + ( 1

2 )2)1/2 = ( 5
4 )1/2, so that Cmod = 1 +

p
5⇡/4. Moreover, we have Lµ

mod = 4+
p

2
⇡ since the integral

in (4), i.e., I� :=
R 2⇡
0 sup|r|6� |mod(t+r)�mod(t)|dt, can

be upper bounded as (for � 6 ⇡
4 the equality is reached)

I� 6 (2⇡ � 4�) ·
�
p

2
⇡ + 2 · 2� ·

1
2 (2 + 2

q
(1 �

�
2⇡ )2 + �2

4⇡2 ).

Therefore, since (1 �
�
2⇡ )2 + �2

4⇡2 6 1 (with equality if
� 2 {0, 2⇡}), I�

� 6 g(�) := 8 � 6
p

2 + 8
p

2(1 �
�
2⇡ ).

This function g reaches its maximum in � = 0, where the
equality holds, which means that Lµ

mod = sup0<�6⇡
I�
2⇡� =

4+
p

2
⇡ , so that cmod = (24 + 2

p
2)C⇤ > cq .
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Basic proof idea
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First, show that the LPD and a bit of algebra imply

<latexit sha1_base64="dSuAmYcmgj9nsaIv5sWnbkb9wMA="></latexit>

b✓
0
2 argmin

✓2⇥
kA ( bPX )�A�(P✓)k
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b✓ 2 argmin
✓2⇥

kA�( bPX )�A�(P✓)k
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kA�( bPX )�A�(Pb✓0)k  kA�( bPX )�A�(Pb✓)k+ 2
p
✏

Asymmetric CL solution Symmetric CL solution

Then, plug this into the usual LRIP  performance guarantee proof⇒

Suboptimality term 
(cost of distortion)
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Some numerical results.   (synthetic data)
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Influence of the dataset size  ?n
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!j ⇠ “folded” Gaussian
!j!>

j = O(d�1) I

K-means
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d = 5 dims,
K = 10 clusters,
n = 105 samples.

GMM fitting
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d = 5 dims,
K = 10 modes,
n = 105 samples.
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Theoretical guarantees:
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(given kP � P 0kR := sup↵2⇥ |R(↵,P)�R(↵,P 0)|)

= distance between  &  wrt task-specific risk 𝒫 𝒫′ ℛ
Assumption: The sketch encodes the risk, i.e., 
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A� respects the Lower Restricted Isometry Property (LRIP):

Then, given the estimate                                                            ,
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Excess risk
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(for a certain distance d)
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Satisfying the LRIP?
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Compressive learning   (an introduction)
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Minimize a cost function
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Parametric  
distribution  

(model)
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Example: k-means

  minimize sketch distance (non-convex problem)≡

Learning phase
Compressive learning   (an introduction)


