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Statistical learning context

Minimize the empirical risk (ERM)
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Statistical learning context

Minimize the empirical risk (ERM)

0 € arg meini > \1,5(9 mz) = R(0; Px)

7 5(9 a?) Risk function

CBNPX




Statistical learning context

true data

Minimize the empirical risk (ERM) - distribution

PX Sampled view of 7)()

0 € argmin + > o (8, mz) — R(0; Px)

o =l T 0 goo .
Risk function Slefele
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. as a proxy for the true risk:
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if &; ~i;;q4 Po and n — 400 00800

R(O, 7/5?() ~ R(O, 7)0)
— Target statistical guarantee: Probably Approximately Correct — PAC

P[R(E,PQ) —72(0*;7?0) < 77} > 1—5 (forsmalln,5>0)

“excess risk"



Statistical learning context

Minimize the empirical risk (ERM)

5 c arg mein % ;:?_1 6(67 mz) — R(97 7/5%)

Problem:

— Require several passes over X (e.g., stochastic gradient descent);

— n typically very large;

‘ii Computationally expensive 7
on modern lar ge—scale data

n examples



Compressive learning (an introduction)

Break the training down into two “cheaper” steps

X = {x; e R, sketch z
Sketching Learning 0
A!!! phase phase Parametric
IlIII — D model
Compress the dataset Nonconvex optimization

n examples

m coeflicients

d<m<En
“Summary’

Gribonval, R., Blanchard, G., Keriven, N., & Traonmilin, Y. (2021).
Gribonval, R., Chatalic, A., Keriven, N., Schellekens, V., Jacques, L., & Schniter, P. (2021)




Compressive learning (anintroduction) €.

S ketC h i N g p h aSe Fxample: random Fourier Features (RFF')

.« . ey |
Random features moments (“emplrlcal average”) PRrrr(T) 1= \/% exp(i2 x) € C™

with €2 = ( J)J 1, Wi ~Miid. A(w) — [.FKA]((JJ)
< = ACID E (I) ',L‘”L e.g., Gaussian kernel

Embeds a “nonlinear geometry”, e.q.,

with random nonlinearity OB ]Rd — C™ (Prrr(2), PrEr(2')) = C exp ||:132—02132 H )

A [{ Rahimi, Recht, 07



Compressive learning (an introduction)

S ketC h I ng p h aSe Fxample: random Fourier Features (RFF')
Random features moments (“empirical average”) PRrrr(T) 1= \/% exp(i' ) € C™

with Q@ = (w;)7L, wj ~ijd Mw) = (Fr2](w).
< = A(I) E (I) "L'z e.g., Gaussian kernel

Embeds a “nonlinear geometry”, e.q.,

with random nonlinearity OB ]Rd — C™ (Prrr(2), PrEr(2')) = C exp ||a32—0a32 H )
—~—

A [{ Rahimi, Recht, 07

Sketching with RFF: [F[Po](w )}

_ 1 N\ o~ [ iw, zym “Compressive sensing
ZORER n Z PRFF (LBZ) [ “z~Po € ]]:1 . A(I)RFF (7)0) of prob, distributions"

Random sampling of the characteristic function (aka Fourier transform %)
of the data distribution &,




Compressive learning (an introduction)

ExXample: k—means

K
Po = S:k—l O‘k?5ck

Learning phase Poranetric

(model)

Minimize a (non-convex) cost function

0 c argminC(0; z) := ||z — As(Po)|

minimize sketch distance, or “matching frequencies’
6cO

sketch z sketch z

(Small)
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Compressive learning (an introduction) €.

(given ||7) o P/HR :— SUPxco ‘R(Oé, 7)) o R(Oﬂ, Pl)D

= distance between &P & P’ wrt task—specific risk X

Theoretical guarantees:

Assumption: The sketch encodes the risk, i.e.,

Ag respects the Lower Restricted Isometry Property (LRIP):
v0,0" € O, |Po — Pollr <7 As(Po) — Aa(Po)|2

11



Compressive learning (an introduction) €.

(given HP o P/HR :— SUPxco ‘R(Oé, 7)) o R(Oﬂ, Pl)D

= distance between &P & P’ wrt task—specific risk X

Theoretical guarantees:

Assumption: The sketch encodes the risk, i.e.,

Ag respects the Lower Restricted Isometry Property (LRIP):
v0,0" € O, |Po — Pollr <7 As(Po) — Aa(Po)|2

=<

—
Then, given the estimate 0 € arg ]énig | Ao (Px) — Aa(Po)|| , (assuming we can exactly solve it)
3

(for a certain distance d)
AN

R(0:Po) = R(6";Po) < inf d(Po,Po) + 47/l As(Px) — As(Po)|2

Excess risk Modeling error Sampling error

Satisfying the LRIP? (whp)  Task (in R?) | Sample complexity (up to log.)
k-means m > k*d
GMM m > k?d (or m 2> ke?)

5 Gribonval, R., Blanchard, G., Keriven, N., & Traonmilin, Y. (2021). 12




Asymmetric compressive learning

(The question) Decoupling the sketching and learning phases? With W # &7

X ={x; € R4}, sketch 2y
tching Learning
l phase phase .
Parametric
IIIII model
Compress the dataset Nonconvex optlmlzatlon
n examples 0OII0N0O0IIOOI. .  coeffcients

Possible advantages:

avold complex exponential at sketching;

opt for hardware friendly, quantized sketching procedure;

reduced transmission cost;

still differentiable learning cost & relaxed conditions.

13



Asymmetric CL: sketching phase?

¥ = random periodic Features (RPF)

W

Em e rE mn N

Pooling $H
-
(average) iz B
1 - I Dithering “emoothes”
" Z f I quantization/discontinuities
n
xr; EX . I (oee later)
= -
random dithering

pro jections ~ Y ([0,27])

Nonlinear periodic “activation” f:

f(t) = exp(it)

. . . . . — 113 . . . .
—2r —m 0 @ 2w —2r —m 0 @ 2w

Random binary feature Random modulo feature ”



Asymmetric CL: learning phase?

Plug the “¥" sketch into the “®" cost function! (Similar philosophy in non-linear
compressive sensing)

Solve “as before”, without changing anything! 2 Plan, Y., & Vershynin, R. (2016)

~1

0 c arg gnian)(H;z\p) — HZ\IJ — A@(PO)H

cE / \
e.g., binary features 7 [  e.g., full-precision RFF Ny

15



Asymmetric CL: learning phase?

Plug the “¥" sketch into the “®" cost function! (Similar philosophy in non-linear
compressive sensing)

Solve ”05 before“, without Changing anyth?ngl Sl Plan, Y., & Vershynin, R. (2016)

~1
0 c arg HliﬂCcI)(H;Z\I/) — HZ\IJ — A@(PO)H

OcoE l/ \
e.g., binary features 7 [  e.g., full-precision RFF Ny

\j\f\f\f\ Fundamental frequency

Intuitive explanation: | | | __y Fourier Series
) P ) ) decomposition T \/\NWWV\
(the dither magic trick) + VAV

Higher frequencies

Co(0;z5)

(boring expression)

Co(0;20) ~ |20 — Aa(Po)l| + 371 Sps Cry explik — 1)E))

Good ol’ CL cost
(what we want)

Artefacts of quantization — O in expectation on & since

Eeexp(i(k—1)6) =0 VE#1 6



Asymmetric CL: theoretical guarantees?

We do not generalize de LRIP (too hard), we rather complete it! (easier)

Assumption 1: The (learning) sketch ® encodes the risk, i.e.,

Ags respects the Lower Restricted Isometry Property (LRIP): 3v > 0 s.t. (as for SCL)
v0,6" € O, |[Po — Porllr < v[lAs(Po) — Aa(Per )2

Assumption 2: The (encoding) sketch not too much “distorted” along specific directions, i.e.,

Ay and Ag respect the Limited Projected Distortion (LPD): de > 0 s.t.

. R (new condition)
VX, V0 € O, [(Ay(Px) — As(Px), Aa(Po))| < €

17



Asymmetric CL: theoretical guarantees?

If both LRIP (with y > 0) & LPD (with ¢ > 0) hold then,

N

given the estimate 0 € arg min || Ay (Px) — As(P)
OcO N—

Za\

, (assuming we can exactly solve it)

R(O ;Py) — R(6%;Py) < inf (P, Py) + 49||As(Px) = As(Po)ll2 + 47ve

Excess risk Modeling error Sampling error Distortion error
(for a certain distance d) (Sketch distortion)

18



Proving the LPD

What we want : Ay and Ag respect the Limited Projected Distortion (LPD): Jde > 0 s.t.
VX, Y0 €O, [(Au(Pr) — As(Px), As(Po))| < ¢

19



Proving the LPD

What we want : Ay and Ag respect the Limited Projected Distortion (LPD): Jde > 0 s.t.
VX, Y0 €O, [(Au(Pr) — As(Px), As(Po))| < ¢

Assuming Plx € X| > 1 - ( if & ~ P or Pg, we first note that
(Ay(Px)—As(Px), As(Po))| < [[ [(¥(@)—®(x), (x))| dPx(z)dPo(z') < Ce'+DC,

vy LT T It [(U(z) — D(x),(x'))| <€, Va,z’ € B..
'¢ o...t:.: 0 P ~~~~ : :
st Py : 5i gnal—LPD (sLPD) :
P 1= e
C l‘\ .’.:‘.:.‘ .Z 0.::3 ..' © l: 60) 6LPD : LPD
‘\‘ :.0::.:0. . ° ’ :‘o' 'l’
\\._ _7_)_9_ __—"' Ok, how to prove the sLPD now?
Data domain

20



Proving the sLPD (for RPF & RFF)

Considering Random Periodic Features (RPF), with:

\ij(m) _— Fl\l/mf(ﬂ—rw T €) = Cma (I)RFF — \Ijexp(i.), f(t) — Zk, erikt

Key property of f: mean Lipschitz smoothness  (more permissive than Lipschitz smoothness)

Siufo2x]  sSup |f(E+7)— f(T)] < L}L -0 (eg,forq="1T1, j=2)
rel—a6,49]

“Smooth on average”

Sampling condition signal—-LPD (sLPD)

m 2 e *He(E) = [(T(x) - (x), @(x))| <e Va,z' €%, w.hp.

R —

1l
“Dimension’ of X,
e.g., klog(k/e) ifdim(X) =k

% Schellekens, V., & Jacques, L. (2022a). .



Asymmetric CL: theoretical guarantees with RPF

. . . 5 Schellekens, V., & Jacques, L. (2022b).
Let us consider k-means or GMM fitting, and the estimate

~/

0 c arg :géiél(/’@(é’;zxp) — qu, — «4<I>(739)H

Assumptions: + bounded data domain (inZ_.)
+ mode variance < S (for GMM)
+ LRIP satisfied for the task (with y > 0)

cVd(2pS+T) )

If for k-means, m 2> e ?dlog(“~%")  or, for GMM fitting, m > e 2dlog(
(for some p > d)

Then, with proba > ] — C@Xp(—CWlé’z), Distortion error
(Sketch distortion)
o ~ V€ (k-means)
R(O ;Py) — R(O;Py) < inf d(Py,P 7| As (Px) — Aa (P C
(0':P0) = R(6%Po) < inf d(Po,Po) + 4]l As(Pa) = As(Po)ll2 + ¢57 { e (G
Excess risk Modeling error Sampling error
(for a certain distance d) Smoother f (in mean Lipschitz & Fourier)

= better performances -



Some numerical results* (synthetic data)

How lar ge should the sketch be to reach desired learning performance?

GMM fitting

d = 5 dims,
K = 10 modes,
n = 10° samples.

Numerical
ConteXts

K-means

d = 5 dims,
K = 10 clusters,
n = 10° samples.

¥: Real data, audio classification task in extra slides 23



Some numerical results* (synthetic data)
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Excess risk AR

Success rate
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How lar ge should the sketch be to reach desired learning performance?
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GMM fitting

d = 5 dims,
K = 10 modes,
n = 10° samples.

Smoother f
better performances

(prediction from theory)

K-means

10010t 102
Sketch size m/Kd

d = 5 dims,
K = 10 clusters,
n = 10° samples.

¥: Real data, audio classification task in extra slides
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Conclusion

Take away messa ges:

We can make CL asymmetric & keep theoretical guarantees (with LPD)
Relaxed conditions on sketching vs learning

Hardware friendly sketching (e.g., quantized)

New sketching are possible (such as modulo)

Limitation & open questions:

Hidden (large) constants for LRIP and LPD (= the “compressive sensing crime”)

Sample complexity for LPD in function of model set dimension (and not X)?
Gap between the theoretical guarantees and empirical performances (SCL & ACL)

25



Thank you for your attention -
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Extra slides



Real data, audio classification task

ESC-50 dataset: [E Karol J Piczak, 2015.
J = 2500 audio clips lasting bs; C = 50 classes (e.g., animals, water sounds, urban noises)
X ={x}_, C R=10 = Mel Frequency Cepstral Coefficients (MFCC) of 15ms (n = 334J = 835 000)

Scenario:

We compute 7, =~ 3" | W(x))
for SCL (with () =exp(i-)) and ACL (with f=gq)
Minimizing transmission cost

Compare (64bits) SCL, and (1bit) ACL
— Objective # competitive classification

Method:

GMM-fit with K = 32 modes
extracted from SCL & ACL.

Classification using “alpha features” (on a test set)
5 A. Kumar, B. Raj, 2016.

5| Schellekens, V., & Jacques, L. (2022b).
28



Real data, audio classification task

ESC-50 dataset: [E Karol J Piczak, 2015.
J = 2500 audio clips lasting bs; C = 50 classes (e.g., animals, water sounds, urban noises)
X ={x}_, C R=10 = Mel Frequency Cepstral Coefficients (MFCC) of 15ms (n = 334J = 835 000)

Scenario:
1 n
We compute z; = — Zj=1 Fpx)) 0.30
for SCL (with f(-) =exp(i-)) and ACL (with f=g¢)

L - o U-20°
Minimizing transmission cost c
Compare (64bits) SCL, and (1bit) ACL 3 0.20-
— Objective # competitive classification &

(.15
)
MethOd: = 0.10-
GMM-fit with K = 32 modes
extracted from SCL & ACL. 0.051,

107t 1010
Bits b per message in kilobytes [KB]

Classification using “alpha features” (on a test set)

5 A. Kumar, B. Raj, 2016.

5| Schellekens, V., & Jacques, L. (2022b).
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Basic proof idea

First, show that the LPD and a bit of algebra imply Suboptimality tert

(cost of distortion)

~ . /7~ N\
|As(Px) — Aa(Py)|| < [[Aa(Pxr) — Aa(Pp)|| + 2v/€

Asymmetric CL solution Symmetcric CL solution
~/ A~ A~ . ~
0 c arg gneiél I Aw (Px) — As(Po)|] 0 c arg min | As (Pr) — Aa(Po)||

Then, plug this into the vsual LRIP = performance guarantee proof

30 30



Some numerical results. (synthetic data)

Influence of the dataset size n ?

5 GMM fitting |
107 - . 2] K N
] d = 5 dims, 10 1V el
K = 10 modes, 1\ i
5 | v ® m

n = 10° samples. 1014 | o
; \ . .
_ \ ‘.

y ] \‘ ®..... =
g, 0 L aREPPET
'llll.l.... 10 é ‘\ <
] \
' \
\

If m lar ge enough,
Quantization effects vanishes

~

—_
T
DO

1 o@- N = 102,

| m n=10% 1, .
| —@= n:104, (I)RFF d:5 dlmS,

—m- =104 7, K =10 clusters,
103 —_—— 1 = ].06 (I)RFF

n = 10° samples. 5 ‘\‘\‘\N—‘
| —=— n=10% 10,

Excess risk AR
Excess risk AR
=

K-means

—_
T
w

10~
R T Frequencies: ot 102
Sketch size m/Kd w; ~ “folded” Gaussian Sketch size m/Kd
ijjT =0(dYHI
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Compressive learning (an introduction) €.

(given HP o P/HR :— SUPxco ‘R(Oé, 7)) o R(Oﬂ, Pl)D

= distance between &P & P’ wrt task—specific risk X

Theoretical guarantees:

Assumption: The sketch encodes the risk, i.e.,

Ag respects the Lower Restricted Isometry Property (LRIP):
v0,0" € O, |Po — Pollr <7 As(Po) — Aa(Po)|2

=<

—
Then, given the estimate 0 € arg ]énig | Ao (Px) — Aa(Po)|| , (assuming we can exactly solve it)
3

(for a certain distance d)
AN

R(0;Py) — R(6%:Po) < inf d(Po,Ps) + 47| As(Px) — Aa(Po)|2

0O
Excess risk Modeling error Sampling error
Satisfying the LRIP? Task (in R?) Sample complexity Condition
(w.h.p) k-means m 2 k*dlog 54t min;z ||¢; — ck|| > €
GMM | m > k?d (or m 2> ke?) | sufficiently far modes

32



Compressive learning (an introduction)

ExXample: k—means

K
Po = S:k—l O‘k?5ck

Learning phase Paranetric

(model)

Minimize a cost function

minimize sketch distance (non—convex problem)

0 c arg ‘19116136(9; z) = |z — As(Po)|

If.l.l.'il'_iA C(B) Z) R(O, 7)0) 1

—~

. R(O ,P()) — R(O* ’P().)

0. 16! t >
1 0 =arg 1'1311 C(0;=z)
0" = arg nbin R(6;Po)
A "
150
342
141
< 91_) « 92_’ moderate ol
sketch =
306 -
114
H)J»t
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