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Introduction to random projections
and compressive sensing



The multiple use of random projections in “data science”

Object @ Random projection
“x” — y = ®(x)
signal smaller dimension
- image
audio  yolume . physics-driven  distinctive
measure compressed

Random “projections" are ubiquitous in:
Data mining & dimensionality reduction techniques
Sensing and imaging methods (optics, astronomy, ...)
Machine learning (sketching, explicit kernel, initialization, ...)

Randomized numerical methods, ...



From "Nyquist” Sensing...

Sampling method Signal

N\

A signal

(in a discrete world)




From "Nyquist” Sensing...

Sampling method Signal

Sparsity
Prior

A signal

(in a discrete world)

If x is sparse, @ is a wasteful sensing process!



... to compressive sensing (or computational sensing)

Sensing method  Signal
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Examples of compressive sensors

“Rice One-pixel Camera” “Diffuser Cam”

Low-cost, fast, sensitive ([ (@
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M. F. Duarte, M. A. Davenport, D. Takhar, J. N. Laska, T. Sun, K. F. Kelly and R. G. Baraniuk (2008) Single-pixel imaging via compressive sampling
N. Antipa, G. Kuo, R. Heckel, B. Mildenhall, E. Bostan, R. Ng, L. Waller, L. (2017). DiffuserCam: lensless single-exposure 3D imaging.
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Why is it working? — embedding of low-complexity signals

Johnson-Lindenstrauss Lemma (1984)

For many random M X N matrices ® (e.g., Gaussian, Bernoulli, structured)
R T 1 O Johnson & Lindenstrauss

. @ o .
oo I3 o D points

b o2 0 © S={x;:1<i<D)}
@ e ©

It M > Clog D, then, with high probability,

| Pz, — Px;|| =~ ||T; — x|, Vi,J




Why is it working? — embedding of low-complexity signals

Generalization: [Candeés, Tao, Romberg, Donoho, .... 2006}

For many random M X N matrices ® (e.g., Gaussian, Bernoulli, structured)

IC = low-complexity signal space

(sparse signals, low-rank matrices, ...)

If M > Cdof(X#), then, with high probability,
| Px — x| =, ||lx—x'|, Ve, € K

Geometry of ®(K) ~ Geometry of K




Quadratic sensing? Phase retrieval and covariance matrix estimation

Phase retrieval Covariance matrix estimation
cample sounte X
mask _|_ 1 _|_
X = % Zk[(afwk)Q]?Ll

for L ~iid L

s Chen & Goldsmith (2015) [& Cai & Zhang (2015) 10



Quadratic sensing? Phase retrieval and covariance matrix estimation

Phase retrieval Covariance matrix estimation
) sample S:J(LE:Ze X
o B B(Eaz’) ~ B(k 3, wi])
_ 1 T 2
, ) X* — N Zk[(a’j Ty) ]5”:1
(Pr: )" = pr(Tx”)p), oo
@(X) k lld
a' X a
. q:)(X) . ( aTXG‘ )m - %m IEEDEEEE OpOE00n @
Y 1= =(a; Xa; );—; mmamans)-
e ' S00000E O
= {aja;  X)F IREs
nXn

Object to project = symmetric n X n matrices X € [

such as image, volume, covariance matrices, ...

Projection with m random vectors {a; ~iiq a}iL; C R"
(e.g., Gaussian)

s Chen & Goldsmith (2015) [& Cai & Zhang (2015) 11



Focus on two compressive sensing applications
both related to interferometry



(compressive interferometry #1)

Lensless interferometry & rank-one projections

H. Rigneaultf S. Sivankutty#

*: ISPGroup, INMA, UCLouvain, Belgium.  : Institut Fresnel, France. +: PhLAM, France.



Lensless endoscopy: focused mode

N
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sl Andresen et al., 2016. |& Sivankutty et al., 2018. y



Lensless endoscopy: focused mode
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sl Andresen et al., 2016. |& Sivankutty et al., 2018. .



Lensless endoscopy: focused mode
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Lensless endoscopy: focused mode

N Photodetector
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sl Andresen et al., 2016. |& Sivankutty et al., 2018. -



A closer look to sensing model

Back to the model...

W Optics N\ @
/
] g
a — (041, T ,CVQ)T () cores located on
SLM configuration Q — {qj }]Q: ] Speckle

Random? P

18



A closer look to sensing model

Back to the model...

N> SLM
&
W Optics
a — (041, T ,CVQ)T () cores located on
SLM configuration Q — {qj }]Q: ] Speckle
s P
—[>}— Photodetector
L Speckle :'.J ;’3
2 _ 5 .
yacx/ po(T)f(x) d"T = (Yo, f) | = :
R= = :
Possible compressive measurement model E

4S. Guérit, S. Sivankutty, J. A. Lee, H. Rigneault, L. Jacques (2021) 1



A closer look to sensing model

Back to the model...

o= (o, ,CVQ)T () cores located on .
| oA kl
SLM configuration Q — {qj }]Q:l far ﬁe]d ..... SPGC e
\NN <> d2//\ SOOL
Ya — <90a7 f> |>‘

However, speckles are interferences: (under far-field approximation) |

Q > % (q - —(q ) ! L D :
: ' z J

g&a(il?) X Zg,kzl Wy € | R
Core pair D |

Interference |

Better compressive measurement model?
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(noiseless) Interferometric sensing model

Therefore y
stMm  C%Y om

<f790a> — a*I[fa - ROPI!

with the (Hermitian) interferometric matrix relying on the Fourier transform JF
U
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Interferometric sensing model

Composition of two sensing methods

Q) X Q €
Y = (yC\’-17 S 7yOLP)T :g(l—[f]) —|—noise,
PxQ with ®(M) = {(oa’, M)p}",.

(under specific simplifying assumptions, with f = sampling of f)
If the {« } are Gaussian, if fis K-sparse
and provided P = O(K) and 0% = O(K) (up to logs),
then, with high probability, one can compute’ an estimate f* of f with

\f = f7ll2=0(%)

+ Prior (sparsity)

22

4 0. Leblanc, M. Hofer, S. Sivankutty, H. Rigneault, L. Jacques (2023)



Experiments (in Institut Fresnel, France)

Average SNR (5 trials) USAF target O = 55 O =110
’ (a) (b) N - 256 X 256 “In theory, theory and
== | practice i;e the zame.
3 e 0—110 | | In pract:::t,.“theg are
— Q=55 O
7 - /(‘;);//_“:‘/—QQ%( wo
%
6 -
au Ground truth P — 20 OOO (Adapted from xked #.I233)
.
2 51 (2)
4 -
3 -
21 ] .\ &5 ./
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(compressive interferometry #2)

Random beamforming in radio astronomy
follows rank-one projection sensing

\
w
A \“_‘.",.., 1
_‘ e ] t v
o > “ S |
» 3 - g/

Y. WiauxT

O. Leblanc* L. Jacques™

*. ISPGroup, INMA, UCLouvain, Belgium. §: Heriot Watt, UK.



Radio interferometric sensing model

°S ~ — Sky intensity distribution

~

\ e )= fm)

() antennas focused on

a (small) region & of the sky

QZ

Antenna
measurements !

!
A 4

Taa(t) za(t)

25



Radio interferometric sensing model

Radio-interferometry principle: let's correlate/interfere all antenna signals

/ / / /’/ 7 ﬂ )
P (1) P, (1) Pq(t) PQ(t) CZ] (t) . t[xi (t)'rJ (t)]

r1(t)  w2(t) Tq(t) fEQ(t) C(t) c — 43[:13(75):13*(15)]
m(t) = (2131(75), ey TQ (t)) O X O covariance

Practically — time averaging over B short time intervals (STI)

S~ (Dtime

26



Radio interferometric sensing model

By the Van Cittert-Zernike theorem (VCZ): x(t) = (z1(?), - ..

C(t) = Ela(la’ (1)) = Tawlf]

visibilities
------ > Vgj €--nmennn-
ourier J_; T
with (Lo [f])jk = FLf] (ka - )
\ eV:=A—1(Q—Q)

a(t) = {p (012,

27



Radio interferometric sensing model

By the Van Cittert-Zernike theorem (VCZ): x(t) = (z1(?), - -.

Cy:= 1Y imlilzilil~ Tolf]
STI — (@b ||z} [-]) T} |

visibilities

2D Fourier

with — (Zp[f])jk = ﬂf]( ng;'pj )

GVbZ:A_l (Qb—Qb)

Practically — time averaging

B short-time integration intervals T, (STI)

with I discrete time instants :
x(1) = x,li] € RS, E(-)~ (- )g

Approximation:
over each STI, Earth & visibilities are fixed

28



Radio interferometric sensing model

By the Van Cittert-Zernike theorem (VCZ): x(t) = (z1(?), - -.

Cy = %Zlemb[z]wz[z] ~ Iy|f]
STI — (@[ ]z; [-]) T,

2D Fourier

with (Lo f))jk = f[f]( .pi;pj )

GVbZ:A_l (Qb—Qb)

Practically — time averaging A
B short-time integration intervals T, (STI) = 3
with [ discrete time instants : :. . o .
x(t)—>xb[i]e[RQ, ‘(')%<‘>Tb b=1 m— b = 16
Approximation: O(Q?) visibilities per STI

over each STI, Earth & visibilities are fixed — O(Q?B) in total S



Challenges in radio-interferometry

Massive data stream :

o dtvisibilities 7" = Ul_ ¥, — O(Q°B)
e.g., for the square-kilometer array (SKA)
O = O(10°), B = O(100) — Storing O(107) visibilities (&

» Computing F[o°](7") via {Cb}g=1
— O(IBQ?) = 0107 - 10°) = 0(1013)

30



Challenges in radio-interferometry

Massive data stream :

o dtvisibilities 7" = Ul_ ¥, — O(Q°B)
e.g., for the square-kilometer array (SKA)
O = O(10°), B = O(100) — Storing O(107) visibilities (&

» Computing F[o°](7") via {Cb}gz1
— O(IBQ?) = 0107 - 10°) = 0(1013)

Solution: compressive radio-interferometric (Rl) sensing scheme

o Dress up an old scheme, beamforming, in new clothes
» Compress measurements at antenna & reconstruction levels

» Supported by theoretical guarantees (under a few simplifications).

31



Beamforming = rank-one projections of covariance matrix

What if we create virtual antennas? Let's do beamforming

M)h p2<t>h/ h/pmh/ X/ X/
|

m1(?5) 5132(75) xq(t) f@(t) = x(t)

We/ght We/ght We/ght We/ght

Yy !

Beamforming =
creating virtual antenna for

- spatial filtering,

- directionality, Acoustic radar, Japan (1930)

32



Beamforming = rank-one projections of covariance matrix

What if we create virtual antennas? Let's do beamforming

M)h p2<t>h/ h/pmh/ X/ X/
|

m1(?5) 5132(75) xq(t) f@(t) z(1)

Given @
Bo |
weights a,, ,Bq

85| lﬁl %

—

2 virtual > u(t) = Zqul ;g (t)
antennas .
= (a, (1)) =
A0, D * Beamforming
u(t) = gl By (t optimising a,, p, for, e.g.,
= (B, z(t))

- spatial fllterlng,

- direCtiOna“ty, Acoustic radar, Japan (1930)
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Beamforming = rank-one projections of covariance matrix

What if we create virtual antennas? Let's do ,u

.- sketch-forming,

7 7 7 7 T lazy-forming
pi(t) [\ pa(?) P, (t)
|

m1(?5) 5132(75) xq(t) f@(t) = x(t)
3 Given Q random

Q1 gﬁl 0%,

weights a,, ,Bq

2 random virtual > N(t) — Zqul @;mq(t) an Citter A .
antennas = (o, z(t)) VZerniE:e - <1"ILLV* T a*IQ [f],@
/’t(t)r I/(t) Q * 1 1
| —> V(t) — Zqzl 6q $q(t) with (I [f]) — F[f] P —D;
~ {8, x(1) oD = FU()

This s a (single) rank—one pro jection (ROP)!
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Beamforming = rank-one projections of covariance matrix

P g S e
pi(t) [\ p2(?) Py (1)
® ® ® ®

Practically — time averaging over B intervals 7,, and P ROPs per interval

(3 ap)V*('; 5p)>Tb

- h/ —> x[i] € CP — X
PQ(t)

) I . .
Oé;; % Zizlwb[z]wz [Z] Igp
) —: )

35



Beamforming = rank-one projections of covariance matrix

P g S e
pi(t) [\ p2(?) Py (1)
® ® ® ®

Practically — time averaging over B intervals 7,, and P ROPs per interval f(l)
< ) i w1 * ~ *
ap_%zfg:ﬁb[l]%[@l ﬁp <M('3O¢p)V (°;ﬁp)>Tb ~ apr[f] ﬁp

il VCZ
—:
QOPS

O’B — PB

- h/ —> x[i] € CP — X
PQ(t)

3\ . 1-st compression

Ypb

Compression

(acquisition side)
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Beamforming = rank-one projections of covariance matrix

P g S e
pi(t) [\ p2(?) Py (1)
® ® ® ®

Practically — time averaging over B intervals 7,, and P ROPs per interval f(l)

- h/ —> x[i] € CP — X
PQ(t)

o [ 10 mililzili) |8, = (u(500)v"(58,)n, ~ apTilf] B,

VCZ

—:. C )
QOPS b QZB — PM M modulations
O°B — PB £5 .
3\ c .. — X g —_> ;\ : 2-nd compression
b 5 (modulation &
B x M " .
averagin
3 . Compress in “B" ) ging)
Y Yp Z1 ZM

Compression {2m }M |
M, —

(acquisition side)
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Beamforming = rank-one projections of covariance matrix

P W S o
pi(t) [\ p2(?) Py (1)
® ® ® ®

Practically — time averaging over B intervals 7,, and P ROPs per interval f(l)

o [ 10 mililzili) |8, = (u(500)v"(58,)n, ~ apTulf] B,

—. Cb ) )
(o Ng- Similarly. |

- X/ —> x)i] € CP — X
PQ(t)

0’B — PB 3\ o o x . % | Compression
oo oy s (imaging side)
i, i Compress in "B 5, 50 {Zm }M .
m =
Compression A M ,
{Zm }m:1 0B — PM

(acquisition side)
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On the reconstruction side...
h/’/ X/ X/ h/ 7 X/
D (t) Do (t) Pq (t) P (2)
X === Correlation + ROPs >< Fourier 4+ ROPs
e \/ + sampling

F* o min AR(F) + (o [12m[X] — 2w [f]]?

/
/ prior Fidelity term (likelihood)

N\
N\

Pick the prior you like:
L1, TV, learned, plug-and-play, unrolled, ...

uSARA “Sparsity Averaging Reweighted (Terris et al, 2022)
or R2D2 (learned matching pursuit, aka CLEAN)
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Reconstruction guarantees? Theory for a simplified scenario (no modulation)

ROP model: for P random virtual antennas for each of the B short-time-intervals

() antennas V= {Vb}szl
‘ M
B times .' ’ g/' *e
e % " o, O~ ellipses
[ \.
o @ \
| e o
under specific simplifying assumptions, no modulation, M =1 C ®
( ¢ L O?B visibilities
If the {apb’ﬁpb}ﬁfl,bzl are Gaussian, if f is K-sparse * o o .
and provided P = O(K) and QZB = O(K) (up to logs), Noisy visibilities
then, with high probability, one can compute an estimate f* of f with (noise bound ¢)

|f = F7ll2 =0(5)
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Reconstruction guarantees? Simulations with modulations

Modulated ROP model (MROP):
Monte Carlo simulations
N =10% B =100, Q =27
Various K, P, M
Very Large Array (VLA) visibility/frequency coverage

N =100 x 100

Phase transition diagrams (success if SNR > 40 dB)

1.0

23
20-
18-
15
P 12

10

- 0.8

0.6

0.4

Success rate

0.2

0.0

40 60 &0 100 120 140 40 60 80 100 120 140 D 15 20 39 45

(b) K (c) K (d) M
High reconstruction success as soon as PM > CK, with C ~ 5.

— PM <« Q?B = 70200
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Radio Galaxy 3C353, uSARA reconstruction

Reconstruction for the image of the Radio Galaxy 3C353 1

Classical reconstruction = all visibilities

Basic subsampled visibilities

Baseline dependent averaging (BDA)

and, ours, the MROP sensing models

1073
3353 || q
Parameters: 0

#Visibilities (V = Q?B) / #Pixels (N) = 14.5 I
Total number of measurements: D = PM o
ROP compressions levels: D/N o o
€ {9.8 10-1, 3.8 101, 6.1 102} ,, &\
Simulated MeerKat visibilities (Q=64) s < ,._,

. Ry \SKA1-Mid *‘e:e m\ ”
uSARA reconstruction (Terris et al, 2022) o oo o . |

(inverse problem solving with “average sparsity” prior) MeerKat visibilities
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Radio Galaxy 3C353, uSARA reconstruction

Dirty O¢d Reconstruction O
(SNR, logSNR) = (26.8, 28.9) dB

Two compression metrics
D/VB and D/N

Classical

Total # measurements:

D = PM (D/VB, DIN) = (1.00, 83.1)
Total " visibilities: (SNR, 10gSNR) = (26.7, 29.2) dB
V=0’B )
2 igh
Total # pixels: © Higner
N A Compression
e

Rates

(D/VB, D/N) = (0.423, 35.2)
(SNR, logSNR) = (18.7, 10.0) dB

S

32

Subsampled Py,

(D/VB,DIN) = (1.18 1072, 0.984)
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Radio Galaxy 3C353, uSARA reconstruction

Dirty 04 Reconstruction O Dirty Od Reconstruction O
(SNR, logSNR) = (26.8, 28.9) dB ' (SNR, logSNR) = (26.7, 29.0) dB

Two compression metrics

D/VB and D/N - é‘g .
]
Total # measurements: S =

D =PM
Total # visibilities:
V=0°B
Total # pixels:
N

(D/VB,DIN) = (1.00, 83.1)
(SNR, logSNR) = (26.7, 29.2) dB

(D/VB,DIN) = (1.17 1072, 0.977)
(SNR, 1ogSNR) = (25.6, 26.8) dB

PM =2.5 10"

MROP MD®

(D/VB, D/N) = (0.423, 35.2) (D/VB, DIN) = (4.59 1073, 0.381)

(SNR, logSNR) = (18.7, 10.0) dB ~‘ T WA ,,4‘ "1 »'}‘* gy (SNR, logSNR) = (21.3, 14.1) dB
. ) X !.\J; L ’J"'qh‘ '-'..“.:.L }
‘ ‘:‘ N .J’J;r"’r »..-w"»i ;5 "'ﬂ,‘-
E e“&; . s ::1‘ AT
=) ~ o=
D en E <k
= <
g_‘ 2 % I '
2 2
3 = B
N

(D/VB,DIN) = (7.34 107%, 0.0610)

(D/VB,DIN) = (1.18 1072, 0.984)

-0.1 0.0 0.1 0.2 0.3 10741073 1072 10! 1 10741073 10~2 10°! 1
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Perspective?

(Ongoing) increased compression over frequencies for panchromatic image

100
l 80

- 60

MeerKat

antenna

location
MeerKat

visibilities

-40

IQO
0

Frequency change

— radial dilation
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Perspective?

(Ongoing) increased compression over frequencies for panchromatic image

MeerKat o b k=1
antenna I80
location "
b MeerKat
visibilities
Frequency change N
= radial dilation 0
*
ap IBp
Generalised compression scheme
P i X Correlation + ROPs {2 }MB LY %
h// h/ —> « —> mpme Imp=1mg=1
1 2 2 1
P/ pat)] [02BK] W PM M. ]

batches frequencies
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Take-away messages

In 2004-2006, birth of compressive sensing
= random constructions & inverse problem solving & optimization

Since last 20 years, many extensions to

Compressive imaging techniques
Non-linear sensing models (one-bit, phase retrieval, ...)

Compressive interferometric models are possible

Data compression through randomness injected in SLM, weights, ...

Rank-one projections combined with partial Fourier sensing.
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Thank you for your attention!
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