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Motivation: The Big Picture

Signal: x

Output: g(x,y)
Information Scalable Processing:


How to only represent and process information required by g(·,·)?


Main goals:

Rate- and computation-efficient representation


Accurate and efficient computation of g(·,·)

Fruitful interaction of representation and computation

Auxiliary 
Signals: y
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Cloud-based Signal Processing: The Big Picture

Signal: x

Output: g(x,y)

Augmented

Reality

Surveillance

Traffic 
Monitoring

Image/Video

Retrieval

Biometric

Authentication

Remote 
Medicine

Infrastructure 
Monitoring

Auxiliary 
Signals: y
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The Big Picture: Distances

Signal: x

Output: g(x,y)=g(║x-y║)
Function computes functions of signal distances, 


Auxiliary information: other signals

 


⇒ Representations of signal distances

Main tool: Embeddings


Auxiliary 
Signals: y
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The Big Picture: Distances

Signal: x

Output: g(x,y)=g(║x-y║)
Why distances?

ClusteringClassification Detection/
Estimation

Fundamental primitive for a large number of methods

Auxiliary 
Signals: y
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Embeddings in Words and Pictures

An embedding is a function

from an original space to an embedding space


that preserves aspects of the geometry of the original space

Original space

Distance metric: dS

Embedding space

Embed in E


Distance metric: dE

S⊂!N E⊂!Mf (x)

Why?

It hopefully makes life simpler in the embedding space
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Embeddings In Context

Dimensionality Reduction 
PCA/ICA/NMF/LDA… 

Kernel PCA/LDA/…


Johnson-Lindenstrauss Embedding

Dictionary Learning


Auto-Encoders

Manifold Embeddings/ISOMAP


… 

Computation Reduction 
Sketching


Streaming Algorithms 

LSH/Approximate Nearest Neighbors


Sparse FFT

… 

Compressed Sensing 
Restricted Isometries


Sparse/Model Based Recovery

… 

Dynamical Systems 
Attractor Theory


Tucken/Manifold Embeddings

Delay-Coordinate Maps


…


Embeddings
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Applications

Dimensionality Reduction Signal Retrieval

Kernel Methods Compressed Sensing
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Not in this tutorial
• Embeddings Using Deep Learning

• Word embeddings


– Term “embedding” is only used 
qualitatively in this literature


– Not many guarantees

– We touch on some of the similarities 

and differences


• Embeddings of Dynamical Systems

– A lot of past work and theory; could 

be tutorial by itself (e.g., [Eftekhari et al, ’17])

– Different focus

– We mention some of the results 
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2. Fundamentals of embeddings  
and embedology

■ The Big Picture


■ General Embedding Definition


■ The Johnson-Lindenstrauss Lemma & variants


■ The restricted isometry property (RIP)

‣ Principles and definition

‣ Market of RIP matrices

‣ RIP of more general signal sets & manifolds

‣ Proving the RIP with JL Lemma
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The Big Picture
‣ High dimensional signals in Sciences & Technology 

(e.g., images, video, hyperspectral data, dynamic medical data 
volumes, data on manifolds, dynamical system …) 


‣ Big Data & high dimension are obstacles for:

‣ acquisition, storage, processing, 

‣ data classification, data learning, …


‣ Possible solution: Dimensionality Reduction


‣ Crucial questions: 

‣ Trade-offs btw embedding dimensions,  

                                  number of bits, accuracy 

‣ DR preserving geometry of individual signal/set of signals

‣ Design of the embedding, e.g., preserve close signals only 
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General Embedding Definition

Embedding relation of S in E :
<latexit sha1_base64="2iIViCRi1mSwh998SfTx5dGOoI8="></latexit><latexit sha1_base64="2iIViCRi1mSwh998SfTx5dGOoI8="></latexit><latexit sha1_base64="2iIViCRi1mSwh998SfTx5dGOoI8="></latexit><latexit sha1_base64="2iIViCRi1mSwh998SfTx5dGOoI8="></latexit>

· · ·
<latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit>

S
<latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit>

E
<latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit>

dS(x,x0)
<latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit>x

<latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit>

x0
<latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit>

f(x0)
<latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit>

f(x)
<latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit>

dE(f(x), f(x0))
<latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit>

f : S ! E
<latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit>

Mapping

Embedding space 

(e.g., low-dimension, 

small number of bits)

distance in S
<latexit sha1_base64="QujN3C49dkihfpqrcaJxhBaVzIU="></latexit><latexit sha1_base64="QujN3C49dkihfpqrcaJxhBaVzIU="></latexit><latexit sha1_base64="QujN3C49dkihfpqrcaJxhBaVzIU="></latexit><latexit sha1_base64="QujN3C49dkihfpqrcaJxhBaVzIU="></latexit> distance in E

<latexit sha1_base64="09dfSEDzXjVuMTjoUoH48XnLj2k="></latexit><latexit sha1_base64="09dfSEDzXjVuMTjoUoH48XnLj2k="></latexit><latexit sha1_base64="09dfSEDzXjVuMTjoUoH48XnLj2k="></latexit><latexit sha1_base64="09dfSEDzXjVuMTjoUoH48XnLj2k="></latexit>

dE(f(x), f(x0)) ⇡ g
�
dS(x,x0)

�
for all x,x0 2 S.

<latexit sha1_base64="FhHSVuRkCHofERrsLxootsAgO5Y="></latexit><latexit sha1_base64="FhHSVuRkCHofERrsLxootsAgO5Y="></latexit><latexit sha1_base64="FhHSVuRkCHofERrsLxootsAgO5Y="></latexit>

(possible distance alteration)

High-dimensional signals

in a signal space S
<latexit sha1_base64="+cebb7dm6V8I+He9PK1NvcEXQmI="></latexit><latexit sha1_base64="+cebb7dm6V8I+He9PK1NvcEXQmI="></latexit><latexit sha1_base64="+cebb7dm6V8I+He9PK1NvcEXQmI="></latexit><latexit sha1_base64="+cebb7dm6V8I+He9PK1NvcEXQmI="></latexit>

(possible distortions)
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Formal definition
Given some “distortions” ✏, ✏0 > 0 and a possible alteration g : R+ ! R+,

(1� ✏)g
�
dS(x,x

0)
�
� ✏0 6 dE(f(x), f(x

0)) 6 (1 + ✏)g
�
dS(x,x

0)
�
+ ✏0,

for all x,x0 2 S, with high probability.
<latexit sha1_base64="dlbWZj26rSQb1iXU6dn8cYzPkTg="></latexit><latexit sha1_base64="dlbWZj26rSQb1iXU6dn8cYzPkTg="></latexit><latexit sha1_base64="dlbWZj26rSQb1iXU6dn8cYzPkTg="></latexit>

As will be clearer later:

Tradeo↵s expected between ✏, ✏0, dimS, and dim E .
<latexit sha1_base64="lv6LnCx3HBQnbezy4bLa8LOB6RQ="></latexit><latexit sha1_base64="lv6LnCx3HBQnbezy4bLa8LOB6RQ="></latexit><latexit sha1_base64="lv6LnCx3HBQnbezy4bLa8LOB6RQ="></latexit><latexit sha1_base64="lv6LnCx3HBQnbezy4bLa8LOB6RQ="></latexit>

f can be linear, quantized, periodic, non-linear, ...
<latexit sha1_base64="i35X6X6Vx7IVUjVQB81AUSxu1qM="></latexit><latexit sha1_base64="i35X6X6Vx7IVUjVQB81AUSxu1qM="></latexit><latexit sha1_base64="i35X6X6Vx7IVUjVQB81AUSxu1qM="></latexit><latexit sha1_base64="i35X6X6Vx7IVUjVQB81AUSxu1qM="></latexit>

g 6= Id for periodic and non-linear f
<latexit sha1_base64="1OHS2p4ZrwYExiAtvX+myAyF0w0="></latexit><latexit sha1_base64="1OHS2p4ZrwYExiAtvX+myAyF0w0="></latexit><latexit sha1_base64="1OHS2p4ZrwYExiAtvX+myAyF0w0="></latexit><latexit sha1_base64="1OHS2p4ZrwYExiAtvX+myAyF0w0="></latexit>

✏0 can be zero (e.g., for linear f)
<latexit sha1_base64="oHgw6k3/CxBaC2bhkVAaakUWtDc="></latexit><latexit sha1_base64="oHgw6k3/CxBaC2bhkVAaakUWtDc="></latexit><latexit sha1_base64="oHgw6k3/CxBaC2bhkVAaakUWtDc="></latexit><latexit sha1_base64="oHgw6k3/CxBaC2bhkVAaakUWtDc="></latexit>

Let’s study a few examples …

Random constructions (hence probability)
<latexit sha1_base64="PmSdo0miSgFpI30EE6ieYmf4j/I="></latexit><latexit sha1_base64="PmSdo0miSgFpI30EE6ieYmf4j/I="></latexit><latexit sha1_base64="PmSdo0miSgFpI30EE6ieYmf4j/I="></latexit><latexit sha1_base64="PmSdo0miSgFpI30EE6ieYmf4j/I="></latexit>
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Johnson-Lindenstrauss embedding (1984)

x1

x2

x3

N points

Rn

S = {xi : 1 6 i 6 N}
<latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit><latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit><latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit><latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit>

Johnson & Lindenstrauss
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x1

x2

x3

x0
3

x0
2

x0
1

L

Rn

✏

dimL = m<latexit sha1_base64="V/PCFv/UTJQzxsrdG0m11rHKazI="></latexit><latexit sha1_base64="V/PCFv/UTJQzxsrdG0m11rHKazI="></latexit><latexit sha1_base64="V/PCFv/UTJQzxsrdG0m11rHKazI="></latexit>

N points

P L

P L
P L

Random linear subspace L ⇢ Rn
<latexit sha1_base64="3GUNtFKqJS5o7vyxcsVTJicnvKk="></latexit><latexit sha1_base64="3GUNtFKqJS5o7vyxcsVTJicnvKk="></latexit><latexit sha1_base64="3GUNtFKqJS5o7vyxcsVTJicnvKk="></latexit><latexit sha1_base64="3GUNtFKqJS5o7vyxcsVTJicnvKk="></latexit>

Johnson-Lindenstrauss embedding (1984)

S = {xi : 1 6 i 6 N}
<latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit><latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit><latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit><latexit sha1_base64="V3PtRgJ39owgxIw7OLbZYwH8ohA="></latexit>

E = L
<latexit sha1_base64="t0yuvYGg7ItyxRvFAsRsBZqrW+A="></latexit><latexit sha1_base64="t0yuvYGg7ItyxRvFAsRsBZqrW+A="></latexit><latexit sha1_base64="t0yuvYGg7ItyxRvFAsRsBZqrW+A="></latexit><latexit sha1_base64="t0yuvYGg7ItyxRvFAsRsBZqrW+A="></latexit>

(amongst all possible linear subspaces with dimension m)

Johnson & Lindenstrauss
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For any 0 < ✏ < 1, provided

m > 4(✏2/2� ✏3/3)�1 logN,

there is a (linear) map f : Rn ! Rm such that, for all 1 6 i, j 6 N ,

(1� ✏)kxi � xjk2 6 kf(xi)� f(xj)k2 6 (1 + ✏)kxi � xjk2.
<latexit sha1_base64="icsL6bYQPQj17jiBDsif6i0o3Cw="></latexit><latexit sha1_base64="icsL6bYQPQj17jiBDsif6i0o3Cw="></latexit><latexit sha1_base64="icsL6bYQPQj17jiBDsif6i0o3Cw="></latexit><latexit sha1_base64="icsL6bYQPQj17jiBDsif6i0o3Cw="></latexit>

S = {xi : 1 6 i 6 N} ⇢ RN , E = Rm,

dS ⌘ dE ⌘ Euclidean distance

f(x) := PLx (i.e., linear mapping, a matrix), ✏0 = 0, and g = Id.
<latexit sha1_base64="MPLroSN7KS344wAugLqBZhWyKJs="></latexit><latexit sha1_base64="MPLroSN7KS344wAugLqBZhWyKJs="></latexit><latexit sha1_base64="MPLroSN7KS344wAugLqBZhWyKJs="></latexit><latexit sha1_base64="MPLroSN7KS344wAugLqBZhWyKJs="></latexit>

Here:

“the tradeoff”

Johnson-Lindenstrauss embedding (1984)

Remark:
logN2 ' logN ' “dimension” of {xi : 1 6 i 6 N}

<latexit sha1_base64="FBs5lnJUeXWjstP0xBK7VU43SXY="></latexit><latexit sha1_base64="FBs5lnJUeXWjstP0xBK7VU43SXY="></latexit><latexit sha1_base64="FBs5lnJUeXWjstP0xBK7VU43SXY="></latexit>

(more on this after)

For instance, with high probability, f(u) =
p

n
mPLu works

with L ⇠unif. randomly all m-dim. subspaces.
<latexit sha1_base64="CPAcv0r2GmYzABPnJe1E/08X2Lk="></latexit><latexit sha1_base64="CPAcv0r2GmYzABPnJe1E/08X2Lk="></latexit><latexit sha1_base64="CPAcv0r2GmYzABPnJe1E/08X2Lk="></latexit>
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Johnson-Lindenstrauss embedding (variants)

� =<latexit sha1_base64="XhCXBRXUBRTz+/m8n0q+hIhZxWc="></latexit><latexit sha1_base64="XhCXBRXUBRTz+/m8n0q+hIhZxWc="></latexit><latexit sha1_base64="XhCXBRXUBRTz+/m8n0q+hIhZxWc="></latexit><latexit sha1_base64="XhCXBRXUBRTz+/m8n0q+hIhZxWc="></latexit>

Matrix-vector multiplication: 
O(mn) operations

<latexit sha1_base64="rapO9wN+g9NwgQtfDtNR3MHPflY="></latexit><latexit sha1_base64="rapO9wN+g9NwgQtfDtNR3MHPflY="></latexit><latexit sha1_base64="rapO9wN+g9NwgQtfDtNR3MHPflY="></latexit><latexit sha1_base64="rapO9wN+g9NwgQtfDtNR3MHPflY="></latexit>

(heavy!)

Provided*
m > C✏�2 logN,

if � 2 Rm⇥n with �ij ⇠iid N (0, 1), then, with probability exceeding
1� C exp(�c✏2m), for all 1 6 i, j 6 N ,

(1� ✏)kxi � xjk 6
q

1
mk�xi ��xjk 6 (1 + ✏)kxi � xjk.

<latexit sha1_base64="hmCJWvhNIGfDeg0HS24xjyg6JWk="></latexit><latexit sha1_base64="hmCJWvhNIGfDeg0HS24xjyg6JWk="></latexit><latexit sha1_base64="hmCJWvhNIGfDeg0HS24xjyg6JWk="></latexit>
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Other variants:

■ Sparse JL (e.g., [Achlioptas, ’03]):

�ij ⇠iid

8
><

>:

1/
p
3 with p = 1/6,

0 with p = 2/3

�1/
p
3, with p = 1/6.

<latexit sha1_base64="JPyyU7wozchSBimGRCGfMWFent8="></latexit><latexit sha1_base64="JPyyU7wozchSBimGRCGfMWFent8="></latexit><latexit sha1_base64="JPyyU7wozchSBimGRCGfMWFent8="></latexit><latexit sha1_base64="JPyyU7wozchSBimGRCGfMWFent8="></latexit>

O(n log n+ ✏
�2 min(n logN, log3 N))

<latexit sha1_base64="AOtD5+0E7RlYGqE5YN0RyqCbM6Y="></latexit><latexit sha1_base64="AOtD5+0E7RlYGqE5YN0RyqCbM6Y="></latexit><latexit sha1_base64="AOtD5+0E7RlYGqE5YN0RyqCbM6Y="></latexit><latexit sha1_base64="AOtD5+0E7RlYGqE5YN0RyqCbM6Y="></latexit>

Complexity:

Remark: FJL ok for dE(y,y0) = ky � y0k1 =
P

j |yj � y0j | (the `1-norm)
<latexit sha1_base64="dFFUtNRuXIdJybjduNcLOVuyxMw="></latexit><latexit sha1_base64="dFFUtNRuXIdJybjduNcLOVuyxMw="></latexit><latexit sha1_base64="dFFUtNRuXIdJybjduNcLOVuyxMw="></latexit><latexit sha1_base64="dFFUtNRuXIdJybjduNcLOVuyxMw="></latexit>

Johnson-Lindenstrauss embedding (variants)

� =

0

@ Sparse JL

1

A⇥

0

BBBB@
Walsh/Hadamar

1

CCCCA
⇥

0

BBBB@

±1

±1

±1

±1

1

CCCCA

<latexit sha1_base64="8/8Y8IEvgVRTosZpn/Ror5iwjxc="></latexit><latexit sha1_base64="8/8Y8IEvgVRTosZpn/Ror5iwjxc="></latexit><latexit sha1_base64="8/8Y8IEvgVRTosZpn/Ror5iwjxc="></latexit><latexit sha1_base64="8/8Y8IEvgVRTosZpn/Ror5iwjxc="></latexit>

m⇥ n
<latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit><latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit><latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit><latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit>

n⇥ n
<latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit>

n⇥ n
<latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit>

(very) sparse JL
Walsh/Hadamard Diagonal

■ Structured matrices:  
   Fast Johnson Lindenstrauss Transform [Ailon, Chazelle, ’09]
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Restricted Isometry Property (RIP)
■ 1st example of embedding of continuous sets

■ Preserving geometry of sparse vectors 

k-dimensional 

subspaces Rn

x1

x2
Rm
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Restricted Isometry Property (RIP)

For all x1,x2 2 ⌃k := {u 2 Rn : kuk0 := | suppu| 6 k},
(1� ✏)kx1 � x2k2 6 k�x1 ��x2k2 6 (1 + ✏)kx1 � x2k2.

RIP over ⌃k � ⌃k = ⌃2k:
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Restricted Isometry Property (RIP)

What about sparsity in a non-trivial basis?

2.4. Tr ansfor m ée cont inue en on delet t es su r la sp hère 37

avec �̂ a (l , m) = � Y m
l | � a � la transformée en harmonique sphérique 12 de � a = D a � .

U ne condit ion plus simple à manipuler et presque équivalente à (2.65) est d’imposer
que [ Van98]

�

S 2
dµ( � , � )

� ( � , � )
1 + cos �

= 0, (2.66)

condit ion homologue à l’annula t ion de la moyenne des ondelet tes planes.
E n remarquant que

�

S 2
dµ( � , � )

D a � ( � , � )
1 + cos �

= a
�

S 2
dµ( � , � )

� ( � , � )
1 + cos �

, (2.67)

la condit ion (2.66) permet de créer toute une classe d’ondelet tes admissibles de la forme

� ( � , � ) = � ( � , � ) ⌧ 1
� D � � ( � , � ), (2.68)

pour une certaine fonct ion � � L 2 (S 2 ).

F i g . 2.3 – L ’ondelet te D O G pour � = 1.25 dila t ée de a = 0.1.

E n part iculier, pour � = exp
�

⌧ tan2 ( 1
2 � )

�
, c.-à-d. la pro ject ion st éréographique inverse

de la gaussienne sur la sphère, nous obtenons l’ondelet te sphérique D O G 13

� ( � , � ) = exp
�

⌧ tan2 ( 1
2 � )

�
⌧ 1

� � ( � , � )
1
2 exp

�
⌧ 1

� 2 tan2 ( 1
2 � )

�
, (2.69)

dont une représenta t ion dila t ée d’un facteur a = 0.1 est donnée sur la F igure 2.3.

12 Nommée également t ransformée de Fourier sur S 2 .
13 Pour D i � erence of G aussians.

x =  ↵ =
PN

i=1 i↵i with k↵k0 6 k
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Restricted Isometry Property (RIP)
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What about sparsity in a non-trivial basis?



Dense & unstructured sensing matrices (initial constructions):

‣ random sub-Gaussian ensembles (e.g., Gaussian, Bernoulli)


Market of RIP matrices?

Gaussian: � 2 Rm⇥n, with �ij ⇠iid N (0, 1)e.g., 
or �ij ⇠iid ±1 (eq. prob), · · ·

Universal sensing matrices:
They can be RIP( ⌃k, ✏) for any ONB  2 Rn⇥n

.
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Matrix-vector multiplication: 
O(mn) operations
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m & ✏�2k log(n/k)

Sample complexity:



Dense & unstructured sensing matrices (initial constructions):

‣ random sub-Gaussian ensembles (e.g., Gaussian, Bernoulli)


Structured sensing matrices (less memory, fast computations):

‣ random Fourier/Hadamard ensembles (e.g., for CT, MRI, astron.);


‣ random convolutions, spread-spectrum (e.g., for imaging), …


      (see, e.g., [Foucart, Rauhut, 2013])

Market of RIP matrices?

e.g., 
or �ij ⇠iid ±1 (eq. prob), · · ·

e.g., � = F⌦, with F 2 Cn⇥n

and random ⌦ ⇢ {1, · · · , n}, |⌦| = m
⌦
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Gaussian: � 2 Rm⇥n, with �ij ⇠iid N (0, 1)



Dense & unstructured sensing matrices (initial constructions):

‣ random sub-Gaussian ensembles (e.g., Gaussian, Bernoulli)


Structured sensing matrices (less memory, fast computations):

‣ random Fourier/Hadamard ensembles (e.g., for CT, MRI, astron.);


‣ random convolutions, spread-spectrum (e.g., for imaging), …


      (see, e.g., [Foucart, Rauhut, 2013])

Market of RIP matrices?

e.g., 
or �ij ⇠iid ±1 (eq. prob), · · ·

e.g., � = F⌦, with F 2 Cn⇥n

and random ⌦ ⇢ {1, · · · , n}, |⌦| = m
⌦

28

Sample complexity: m & ✏
�2

k polylog(dims, ✏�1
, (prob. failure)�1)

Less universal matrices; but complexity often reduced to O(n log n)!

Gaussian: � 2 Rm⇥n, with �ij ⇠iid N (0, 1)



Nature!


independent and identically distributed (i.i.d.) with respect to a
Gaussian distribution, perfect reconstruction can be achieved with
onlyO(k log(N/k)) measurements27. Furthermore, many algorithms
are available, for instance Orthogonal Matching Pursuit (OMP) or
Lasso26,28, which can efficiently perform such reconstruction under
sparsity constraints.

Using natural complex media as random sensing
devices
Our approach is summarized in Fig. 1(c) and its implementation in
an optical experiment is depicted in Fig. 2. The coherent waves
originating from the object and entering the imaging system prop-
agate through a multiply scattering medium. Within the imager,
propagation produces a seemingly random and wavelength-depend-
ent interference pattern called speckle on the sensors plane. The
speckle figure is the result of the random phase variations imposed
on the waves by the propagation within the multiply scattering sam-
ple29. Scattering, although the realization of a random process, is
deterministic: for a given input, and as long as the medium is stable,
the interference speckle figure is fully determined and remains con-
stant. In essence, the complex medium acts as a highly efficient
analog multiplexer for light, with an input-output response charac-
terized by its transmission-matrix24,25. We highlight the fact that the
multiple scattering material is not understood here as a nuisance
occurring between the object and the sensors, but rather as a desir-
able component of the imaging system itself. After propagation,
sensing takes place using a limited number M , N of sensors.

Let x and y denote the N 3 1 and M 3 1 vectors gathering the value
of the complex optical field at discrete positions before and after,
respectively, the scattering material. It was confirmed experiment-
ally24,25 that any particular output ym can be efficiently modeled as a
linear function of the N complex values xn of the input optical field:

ym~
XN

n~1

hmnxn,

where the mixing factor hmn[C corresponds to the overall contri-
bution of the input field xn into the output field ym. All these factors

can be gathered into a complex matrix [H]mn 5 hmn called the
Transmission Matrix (TM), which characterizes the action of the
scattering material on the propagating waves between input and
output. The medium hence produces a very complex but determin-
istic mixing of the input to the output, that can be understood as
spatial multiplexing. This linear model, in the ideal noiseless case,
can be written more concisely as:

y~Hx:

As can be seen, each of the M measurements of the output complex
field may hence be considered as a scalar product between the input
and the corresponding row of the TM. If multiply scattering materi-
als have already been considered for the purpose of focusing, thus
serving as perfect ‘‘opaque lenses’’17,18, the main idea of the present
study is to exploit them for compressive imaging. In other wave-
length domains than optics, analogous configurations may be
designed to achieve CS through multiple scattering. For instance, a
collection of randomly packed metallic scatterers could be used as a
multiply scattering media from the microwave domain up to the far
infrared, and the method proposed here could allow imaging at these
frequencies with only a few sensors. A similar approach could be used
to lower the number of sensors in 3D ultrasound imaging using CS
through multiple scattering media.

In our optical experimental setup, we used a Spatial Light
Modulator (an array of N 5 1024 micromirrors, abbreviated as
SLM) to calibrate the system and also to display various objects, using
a monochromatic continuous wave laser as light source.

During a first calibration phase, which lasts a few minutes and
needs to be performed only once, a series of controlled inputs x are
emitted and the corresponding outputs y are measured. The TM can
be estimated through a simple least-squares error procedure, which
generalizes the method proposed in24,25, as detailed in the supple-
mentary material below. In short, this calibration procedure benefits
from an arbitrarily high number of measurements for calibration,
which permits to better estimate the TM. It is important to note
here that the need for calibration is the main disadvantage of this

Figure 2 | Experimental setup for compressive imaging using multiply scattering medium. Within the imaging device, waves coming from the object (i)
go through a scattering material (ii) that efficiently multiplexes the information to all M sensors (iii). Provided the transmission matrix of the material has
been estimated beforehand, reconstruction can be performed using only a limited number of sensors, potentially much lower than without the
scattering material. In our optical scenario, the light coming from the object is displayed using a spatial light modulator.
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However, these CS implementations come with some limitations.
First, these devices include carefully engineered hardware designed
to achieve randomization, via a DMD6, a metamaterial8 or a coded
aperture11. Second, the acquisition time of most implementations can
be large because they require the sequential generation of a large
number of random patterns.

In this work, we replace such man-made emulated randomization
by a natural multiply scattering material, as depicted in Fig. 1(c).
Whereas scattering is usually seen as a time-varying nuisance, for
instance when imaging through turbid media16, the recent results of
wave control in stable complex material have largely demonstrated
that it could also be exploited, for example so as to build focusing
systems that beat their coherent counterparts in terms of resolu-
tion17,18. Such complex and stable materials are readily available in
several frequency ranges -they were even coined in as one-way phys-
ical functions for hardware cryptography19. In the context of CS, such
materials perform an efficient randomized multiplexing of the object
into several sensors and hence appear as analog randomizers. The
approach is applicable in a broad wavelength range and in many
domains of wave propagation where scattering media are available.
As such, this study is close in spirit to earlier approaches such as the
random reference structure20, the random lens imager7, the metama-
terial imager8, or the CS filters proposed in21 for microwave imaging.
They all abandoned digitally controlled multiplexors as randomizers.
Still, we go further in this direction and even drop the need for a
designer to craft the randomizer.

Compressive sampling with multiply scattering material has sev-
eral advantages. First, it has recently been shown that they have an
optimal multiplexing power for coherent waves22, which conse-
quently makes them optimal sensors within the CS paradigm.
Second, these materials are often readily available and require very
few engineering. In the domain of optics for example, we dem-
onstrate one successful implementation using a 300 mm layer of
Zinc Oxide (ZnO), which is essentially white paint. Third, contrarily
to most aforementioned approaches, this sensing method provides
the somewhat unique ability to take a scalable number of measure-
ments in parallel, thus with a potential of strongly reducing acquisi-
tion time. In practice, if 500 samples are required to reconstruct a
given image using CS principles, this imaging framework allows their
acquisition at once on 500 independent sensors, whereas state-of-
the-art systems such as the single pixel camera require a sequence of
500 random patterns on the DMD.

On practical grounds, the use of a multiply scattering material
in CS raises several ideas that we consider in this study. First, the

random multiplexing achieved through multiple scattering must be
measured a posteriori, since it is no longer known a priori as in
engineered random sensing. This calibration problem has been the
topic of recent studies in the context of CS23 and we propose here a
simple least squares calibration procedure that extends our previous
work24,25. Second, the use of such a measured Transmission Matrix
(TM) induces an inherent uncertainty in the sensing mechanism,
that can be modeled as noise in the observations. As we show both
through extensive simulations and actual experiments, this uncer-
tainty is largely compensated by the use of adequate reconstruction
techniques. In effect, the imager we propose almost matches the
performance of idealized sub-Nyquist random sensing.

Theoretical background
In its simplest form, CS may be understood as a way to solve an
underdetermined linear inverse problem. Let x be the object to
image, understood as a N 3 1 vector, and let us suppose that x is
only observed through its multiplication y by a known measurement
matrix H, of dimension M 3 N, we have y 5 Hx. Each one of the M
entries of y is thus the scalar product of the object with the corres-
ponding row of H. When there are fewer measurements than the size
of the object, i.e. M , N, it is impossible to recover x perfectly without
further assumptions, since the problem has infinitely many solu-
tions. However, if x is known to be sparse, meaning that only a few
of its coefficients are nonzero (such as stars in astronomical images),
and provided H is sufficiently random, x can still be recovered
uniquely through sparse optimization techniques1.

In a signal processing framework, the notion of structure may also
be embodied as sparsity in a known representation1. For example,
most natural images are not sparse, yet often yield near-sparse repre-
sentations in the wavelet domain. If the object x is known to have
some sparse or near-sparse representation s in a known basis B (x 5
Bs), then it may again be possible to recover it from a few samples, by
solving y 5 HBs, provided H and B obey some technical conditions
such as incoherence1–4,26.

In practice, when trying to implement Compressive Sensing in a
hardware device, fulfilling this incoherence requirement is nontrivial.
It requires a way to deterministically scramble the information some-
where between the object and the sensors. Theory shows that an
efficient way to do this is by using random measurement matrices
H or HB2–4. Using such matrices, it can indeed be shown26 that the
number of samples required to recover the object is mostly governed
by its sparsity k, i.e. the number of its nonzero coefficients in the
given basis. If the coefficients of the M 3 N measurement matrix are

Figure 1 | Concept. (a) Classical Nyquist-Shannon sampling, where the waves originating from the object, of size N, are captured by a dense array of M 5
N sensors. (b) The ‘‘Single Pixel Camera’’ concept, where the object is sampled by M successive random projections onto a single sensor using a digital
multiplexer. (c) Imaging with a multiply scattering medium. The M sensors capture, in a parallel fashion, several random projections of the original
object. In cases (b) and (c), sparse objects can be acquired with a low sensor density M/N , 1.

www.nature.com/scientificreports

SCIENTIFIC REPORTS | 4 : 5552 | DOI: 10.1038/srep05552 2

[Liutkus et al., 14]Market of RIP matrices?

Pros: 

■ Random “for free”

■ massively parallel/super fast 

■ allows random projections, imaging, classifications, … 

Cons: 

■ stable on a limited time (about 10’)

■ hard to characterize (but not always needed)
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Beyond sparse signals …
Two low-complexity (l.c.) signals x,x0 2 K

<latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="3leRVcvbwAVPInL1TkBXgmHfLJ0="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="8t+Z3SSb8yo3DTt9jYXIEDm0VfM="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit>

(e.g., low-rank data           )
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�(K) Rm
<latexit sha1_base64="ajg22FojyFu2wFabAk99+34K+u8="></latexit><latexit sha1_base64="ajg22FojyFu2wFabAk99+34K+u8="></latexit><latexit sha1_base64="ajg22FojyFu2wFabAk99+34K+u8="></latexit>

�

�x ⇡ �x0 , x ⇡ x0

Geometry of �(K)
⇡ Geometry of K

(e.g., Gaussian, Bernoulli, structured)

Beyond sparse signals …

K

low-complexity set

For many random constructions of �
and “m & CK”, with high probability,

<latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit><latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit><latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit>

Two low-complexity (l.c.) signals x,x0 2 K
<latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="3leRVcvbwAVPInL1TkBXgmHfLJ0="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="8t+Z3SSb8yo3DTt9jYXIEDm0VfM="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit>

(e.g., low-rank data           )

[see, e.g., Johnson, Lindenstrauss, 

Schechtman, Bourgain, Dirksen, 

Mendelson, Vershynin, Plan, 

Chandrasekaran, Puy, Gribonval, …]

(1� ✏)kx� x0k2  k�x��x0k2  (1 + ✏)kx� x0k2
<latexit sha1_base64="Vdda+9oA7MShcf0DWxHAniassAc="></latexit><latexit sha1_base64="Vdda+9oA7MShcf0DWxHAniassAc="></latexit><latexit sha1_base64="Vdda+9oA7MShcf0DWxHAniassAc="></latexit>

For all x,x0 2 K and 0 < ✏ < 1,
<latexit sha1_base64="WPY8mkpnE0n87bo580djszUFiTs="></latexit><latexit sha1_base64="WPY8mkpnE0n87bo580djszUFiTs="></latexit><latexit sha1_base64="WPY8mkpnE0n87bo580djszUFiTs="></latexit>

Rn
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(e.g., Gaussian, Bernoulli, structured)

Beyond sparse signals …

For many random constructions of �
and “m & CK”, with high probability,

<latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit><latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit><latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit>

Two low-complexity (l.c.) signals x,x0 2 K
<latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="3leRVcvbwAVPInL1TkBXgmHfLJ0="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="8t+Z3SSb8yo3DTt9jYXIEDm0VfM="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit>

(e.g., low-rank data           )

If m & ✏�2w(K)2 polylog(dimensions, ✏�1, (prob. of failure)�1),

then � is RIP(K, ✏) with high probability.
<latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit><latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit><latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit><latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit>
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(e.g., Gaussian, Bernoulli, structured)

Beyond sparse signals …

For many random constructions of �
and “m & CK”, with high probability,

<latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit><latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit><latexit sha1_base64="qn95bYBCbceSzxhEsn7QgKlmbwM="></latexit>

Two low-complexity (l.c.) signals x,x0 2 K
<latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="3leRVcvbwAVPInL1TkBXgmHfLJ0="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="2Mvqt67PRHs/KxYCABSzGYHOUJI="></latexit><latexit sha1_base64="8t+Z3SSb8yo3DTt9jYXIEDm0VfM="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit><latexit sha1_base64="bc3oFBDGyU+uo/cf0ExzsyGcgLg="></latexit>

(e.g., low-rank data           )

Let K ⇢ Rn, g ⇠ N (0, In),

w(K) = Eg supx2K |hx, gi|

g

K

Examples: w2(K) . log |K|
w2(Bn) . n

w2(⌃n
k \ Bn) . k log(n/k)

w2(Mr \ Bn⇥n
F ) . rn

w2([T
i=1Ki) . log T +maxi w2(Ki)

...

We met them 

before!

If m & ✏�2w(K)2 polylog(dimensions, ✏�1, (prob. of failure)�1),

then � is RIP(K, ✏) with high probability.
<latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit><latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit><latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit><latexit sha1_base64="x8VojFYFRCegsvrhBxzmTsVx0Ms="></latexit>
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RIP for more general spaces
‣ Embedding a manifold (k-dim, smooth & compact):

M
<latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit>

Rn
<latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit>

dim. k
<latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit>

Tangent

plane

LFW

Sphere

Examples: sphere (e.g., the Earth), time-delay of a signal, phase valued 
data (e.g., in optics), appearance of a parametric image/models, …
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RIP for more general spaces
‣ Embedding a manifold (k-dim, smooth & compact):

M
<latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit>

x
<latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit>

x0
<latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit>

Rn
<latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit>

d`2(x,x
0)

<latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit><latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit><latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit><latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit>

f(x0)
<latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit>

f(x)
<latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit>

�M
<latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit><latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit><latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit><latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit>

� 2 Rm⇥n
<latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit><latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit><latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit><latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit> Rm

<latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit><latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit><latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit><latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit>

� := Gram–Schmidt(Gaussian matrix) (ortho-projector)
<latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit><latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit><latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit><latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit>

dM(x,x0)
<latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit><latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit><latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit><latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit>

d�M
(�x,�

x
0 )

<latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit><latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit><latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit><latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit>

d`2(�x,�x0)
<latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit><latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit><latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit><latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit>

(ortho-projector)
Geodesic distance

(shortest path)

Examples: sphere (e.g., the Earth), time-delay of a signal, phase valued 
data (e.g., in optics), appearance of a parametric image/models, …


dim. k
<latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit>

Tangent

plane

LFW

Sphere
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RIP for more general spaces
‣ Embedding a manifold (k-dim, smooth & compact):

M
<latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit><latexit sha1_base64="Y2avCf3JlOtEv42k0HFGX1Otthc="></latexit>

x
<latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit>

x0
<latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit>

Rn
<latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit><latexit sha1_base64="5+WFR0y+HM/ZrAKoRN0pZwqQY6I="></latexit>

d`2(x,x
0)

<latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit><latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit><latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit><latexit sha1_base64="6EEcl/GBT7CVl2rWQlTPhnYartI="></latexit>

f(x0)
<latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit>

f(x)
<latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit>

�M
<latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit><latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit><latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit><latexit sha1_base64="nVrai1j60Rz1XbAM75vy907jPiM="></latexit>

� 2 Rm⇥n
<latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit><latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit><latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit><latexit sha1_base64="iZD/faL8fsrVaQprOalv68aOPc0="></latexit> Rm

<latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit><latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit><latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit><latexit sha1_base64="FY/Ctgn7BNc17K8VxfVVzUHiPo4="></latexit>

� := Gram–Schmidt(Gaussian matrix) (ortho-projector)
<latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit><latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit><latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit><latexit sha1_base64="xzUmksWCrI+QR+ilMjVsXhxSQdc="></latexit>

dM(x,x0)
<latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit><latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit><latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit><latexit sha1_base64="zQCC+nvzQClBvlFbvjqHV0DUuyQ="></latexit>

d�M
(�x,�

x
0 )

<latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit><latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit><latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit><latexit sha1_base64="mXOJENMwkP6Ao6qAfbT1l40NJwk="></latexit>

d`2(�x,�x0)
<latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit><latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit><latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit><latexit sha1_base64="xwXvW1/bPONC8/qHYx/CnaWYZXs="></latexit>

If m & ✏�2k log(nVol(M)CM)
<latexit sha1_base64="oiDK2koQlyPvt0sH92UZ2zaq2rc="></latexit><latexit sha1_base64="oiDK2koQlyPvt0sH92UZ2zaq2rc="></latexit><latexit sha1_base64="oiDK2koQlyPvt0sH92UZ2zaq2rc="></latexit><latexit sha1_base64="oiDK2koQlyPvt0sH92UZ2zaq2rc="></latexit>

d`2(�x,�x0) ⇡✏ d`2(x,x
0)

<latexit sha1_base64="qxxxCzN525RBAwEyPozszRu0pYU="></latexit><latexit sha1_base64="qxxxCzN525RBAwEyPozszRu0pYU="></latexit><latexit sha1_base64="qxxxCzN525RBAwEyPozszRu0pYU="></latexit><latexit sha1_base64="qxxxCzN525RBAwEyPozszRu0pYU="></latexit>

d�M(�x,�x0) ⇡✏ dM(x,x0)
<latexit sha1_base64="/VirzU3NcqOaOywlGRiJ5vK000I="></latexit><latexit sha1_base64="/VirzU3NcqOaOywlGRiJ5vK000I="></latexit><latexit sha1_base64="/VirzU3NcqOaOywlGRiJ5vK000I="></latexit><latexit sha1_base64="/VirzU3NcqOaOywlGRiJ5vK000I="></latexit>

Then, w.h.p.,

Provided that
(ortho-projector) Smoothness & 


covering regularity

[Baraniuk, Wakin, ’06] 

[Puy, Davies, Gribonval, ’17]

[Bourgain, Dirksen, Nelson, ’15]

…

dim. k
<latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit><latexit sha1_base64="wwEM4FzftEs5r/uTThnLvFJDPcw="></latexit>

Tangent

plane
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Exercise: JL involves RIP! (for sparse signals) 1/2

Global idea: tightly sample ⌃k, extends JL lemma by continuity!
<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>
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Exercise: JL involves RIP! (for sparse signals) 1/2

■ Sparse signals belong to a union of (k-dim) subspaces
⌃k =

S
T⇢{1,··· ,N}: |T |=k ⌃T , ⌃T := {u : suppu = T}

<latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="9aNfjq5ksKT8EBuhDBecjGYoIZ0="></latexit><latexit sha1_base64="m+995iszx9HnRrX5B0ogXvpS0dQ="></latexit><latexit sha1_base64="m+995iszx9HnRrX5B0ogXvpS0dQ="></latexit><latexit sha1_base64="B6vhg/OKGN587KnMWKoVP4pbBDQ="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit>

Global idea: tightly sample ⌃k, extends JL lemma by continuity!
<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>
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Exercise: JL involves RIP! (for sparse signals) 1/2

■ Sparse signals belong to a union of (k-dim) subspaces
⌃k =

S
T⇢{1,··· ,N}: |T |=k ⌃T , ⌃T := {u : suppu = T}

<latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="9aNfjq5ksKT8EBuhDBecjGYoIZ0="></latexit><latexit sha1_base64="m+995iszx9HnRrX5B0ogXvpS0dQ="></latexit><latexit sha1_base64="m+995iszx9HnRrX5B0ogXvpS0dQ="></latexit><latexit sha1_base64="B6vhg/OKGN587KnMWKoVP4pbBDQ="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit>

■ Each subspace, restricted to a ball, can be covered (i.e., sampled)

2⌘

⌃T \ Bn
<latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit><latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit><latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit><latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit>

Optimal ⌘-covering G⌘,T of ⌃T :

8x 2 ⌃T \ Bn, 9q 2 G⌘,T s.t. kx� qk 6 ⌘
<latexit sha1_base64="DNMagGebTuc+awYWgn4altyvFaQ="></latexit><latexit sha1_base64="DNMagGebTuc+awYWgn4altyvFaQ="></latexit><latexit sha1_base64="DNMagGebTuc+awYWgn4altyvFaQ="></latexit>

⌘-Covering of ⌃k \ Bn: G⌘ :=
S

T :|T |=k G⌘,T
<latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit><latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit><latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit><latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit>

Global idea: tightly sample ⌃k, extends JL lemma by continuity!
<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>
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Exercise: JL involves RIP! (for sparse signals) 1/2

■ Sparse signals belong to a union of (k-dim) subspaces
⌃k =

S
T⇢{1,··· ,N}: |T |=k ⌃T , ⌃T := {u : suppu = T}

<latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="9aNfjq5ksKT8EBuhDBecjGYoIZ0="></latexit><latexit sha1_base64="m+995iszx9HnRrX5B0ogXvpS0dQ="></latexit><latexit sha1_base64="m+995iszx9HnRrX5B0ogXvpS0dQ="></latexit><latexit sha1_base64="B6vhg/OKGN587KnMWKoVP4pbBDQ="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit><latexit sha1_base64="l+bB9nQSSywly4d540YJG4/olec="></latexit>

■ Each subspace, restricted to a ball, can be covered (i.e., sampled)

2⌘

⌃T \ Bn
<latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit><latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit><latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit><latexit sha1_base64="V0ZeH1/inCVn5mJrZk3ZnO4ut/0="></latexit>

Optimal ⌘-covering G⌘,T of ⌃T :

8x 2 ⌃T \ Bn, 9q 2 G⌘,T s.t. kx� qk 6 ⌘
<latexit sha1_base64="DNMagGebTuc+awYWgn4altyvFaQ="></latexit><latexit sha1_base64="DNMagGebTuc+awYWgn4altyvFaQ="></latexit><latexit sha1_base64="DNMagGebTuc+awYWgn4altyvFaQ="></latexit>

■ Covering cardinality is bounded:

⌘-Covering of ⌃k \ Bn: G⌘ :=
S

T :|T |=k G⌘,T
<latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit><latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit><latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit><latexit sha1_base64="T9elqF7QZEvrTmePgNqQjxYAEEA="></latexit>

⌃T \ Bn ' Bk ) |G⌘,T | 6 (1 + 2/⌘)k
<latexit sha1_base64="wW2CYbTHBHfd6sPxITyTBa/mkjk="></latexit><latexit sha1_base64="wW2CYbTHBHfd6sPxITyTBa/mkjk="></latexit><latexit sha1_base64="wW2CYbTHBHfd6sPxITyTBa/mkjk="></latexit><latexit sha1_base64="wW2CYbTHBHfd6sPxITyTBa/mkjk="></latexit>

No more than
�n
k

�
supports T

<latexit sha1_base64="Ys7Mq9mGchBza/9IwIlwydJbF8c="></latexit><latexit sha1_base64="Ys7Mq9mGchBza/9IwIlwydJbF8c="></latexit><latexit sha1_base64="Ys7Mq9mGchBza/9IwIlwydJbF8c="></latexit><latexit sha1_base64="Ys7Mq9mGchBza/9IwIlwydJbF8c="></latexit>

) |G⌘| 6
�n
k

�
(1 + 2/⌘)k 6

Stirling
( 3enk⌘ )k

<latexit sha1_base64="QDzWD95XPIEPFrP4lrtHn94wfk8="></latexit><latexit sha1_base64="QDzWD95XPIEPFrP4lrtHn94wfk8="></latexit><latexit sha1_base64="QDzWD95XPIEPFrP4lrtHn94wfk8="></latexit><latexit sha1_base64="QDzWD95XPIEPFrP4lrtHn94wfk8="></latexit>

�

<latexit sha1_base64="1Hu8Ie5B/muiCanvZUmk40hSor8="></latexit><latexit sha1_base64="1Hu8Ie5B/muiCanvZUmk40hSor8="></latexit><latexit sha1_base64="1Hu8Ie5B/muiCanvZUmk40hSor8="></latexit><latexit sha1_base64="1Hu8Ie5B/muiCanvZUmk40hSor8="></latexit>

Global idea: tightly sample ⌃k, extends JL lemma by continuity!
<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>

(other bounds exist for, e.g., low-rank matrices, and other conic spaces)
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Exercise: JL involves RIP! (for sparse signals) 2/2

■ Apply JL lemma to the covering:
Global idea: tightly sample ⌃k, extends JL lemma by continuity!

<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>

Given ✏ > 0, provided

m > C✏�2 log |G⌘| ' C✏�2k log( n
⌘k ),

if � 2 Rm⇥n with �ij ⇠iid N (0, 1), then, with probability exceeding
1� C exp(�c✏2m), for all q 2 G⌘

(1� ✏)kqk 6
q

1
mk�qk 6 (1 + ✏)kqk.

<latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit>
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Exercise: JL involves RIP! (for sparse signals) 2/2

■ Apply JL lemma to the covering:
Global idea: tightly sample ⌃k, extends JL lemma by continuity!

<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>

⇢ <latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit><latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit><latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit><latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit>

k�0xk 6 k�0qk+ k�0(x� q)k 6 (1 + ✏)kqk+ k�0( x�q
kx�qk )kkx� qk

6 (1 + ✏)kxk+ (1 + ✏)kq � xk+ kx� qkk�0( x�q
kx�qk )k

6 (1 + ✏)(1 + ⌘) + ⌘ k�0( x�q
kx�qk )k

<latexit sha1_base64="Fc4pAQtr/n/SjQkKZ8fgo+GsnYE="></latexit><latexit sha1_base64="Fc4pAQtr/n/SjQkKZ8fgo+GsnYE="></latexit><latexit sha1_base64="Fc4pAQtr/n/SjQkKZ8fgo+GsnYE="></latexit>

r(1) 2 ⌃k, with kr(1)k = 1
<latexit sha1_base64="wzigYLcT1Cnsyrz1UGuvj8mgeyI="></latexit><latexit sha1_base64="wzigYLcT1Cnsyrz1UGuvj8mgeyI="></latexit><latexit sha1_base64="wzigYLcT1Cnsyrz1UGuvj8mgeyI="></latexit><latexit sha1_base64="wzigYLcT1Cnsyrz1UGuvj8mgeyI="></latexit>

■ Continuity extension: Let �0
=

1p
m
�, x 2 ⌃k with kxk = 1 (WLOG),

and q 2 G⌘ with kx� qk 6 ⌘ & suppx = supp q.
<latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit>

Given ✏ > 0, provided

m > C✏�2 log |G⌘| ' C✏�2k log( n
⌘k ),

if � 2 Rm⇥n with �ij ⇠iid N (0, 1), then, with probability exceeding
1� C exp(�c✏2m), for all q 2 G⌘

(1� ✏)kqk 6
q

1
mk�qk 6 (1 + ✏)kqk.

<latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit>
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Exercise: JL involves RIP! (for sparse signals) 2/2

■ Apply JL lemma to the covering:
Global idea: tightly sample ⌃k, extends JL lemma by continuity!

<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>

Given ✏ > 0, provided

m > C✏�2 log |G⌘| ' C✏�2k log( n
⌘k ),

if � 2 Rm⇥n with �ij ⇠iid N (0, 1), then, with probability exceeding
1� C exp(�c✏2m), for all q 2 G⌘

(1� ✏)kqk 6
q

1
mk�qk 6 (1 + ✏)kqk.

<latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit>

k�0xk 6 (1 + ✏)(1 + ⌘) + ⌘ k�0r(1)k
6 (1 + ✏)(1 + ⌘) + ⌘

�
(1 + ✏)(1 + ⌘) + ⌘ k�0r(2)k

�

· · ·
6 (1 + ✏)(1 + ⌘)

P+1
i=0 ⌘i = (1 + ✏) (1+⌘)

1�⌘
<latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit><latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit><latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit><latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit>

■ Continuity extension: Let �0
=

1p
m
�, x 2 ⌃k with kxk = 1 (WLOG),

and q 2 G⌘ with kx� qk 6 ⌘ & suppx = supp q.
<latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit>
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Exercise: JL involves RIP! (for sparse signals) 2/2

■ Apply JL lemma to the covering:
Global idea: tightly sample ⌃k, extends JL lemma by continuity!

<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>

Given ✏ > 0, provided

m > C✏�2 log |G⌘| ' C✏�2k log( n
⌘k ),

if � 2 Rm⇥n with �ij ⇠iid N (0, 1), then, with probability exceeding
1� C exp(�c✏2m), for all q 2 G⌘

(1� ✏)kqk 6
q

1
mk�qk 6 (1 + ✏)kqk.

<latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit>

k�0xk 6 (1 + ✏)(1 + ⌘) + ⌘ k�0r(1)k
6 (1 + ✏)(1 + ⌘) + ⌘

�
(1 + ✏)(1 + ⌘) + ⌘ k�0r(2)k

�

· · ·
6 (1 + ✏)(1 + ⌘)

P+1
i=0 ⌘i = (1 + ✏) (1+⌘)

1�⌘
<latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit><latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit><latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit><latexit sha1_base64="YsKbWBJk6oGdjzdinykZfApEp7c="></latexit>

⇢ <latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit><latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit><latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit><latexit sha1_base64="1p3iyfPUcIW/EuPSNA7+fRvXCJA="></latexit>

2 ⌃k, with kr(2)k = 1
<latexit sha1_base64="verKuldJ+E1NOX8HQ53N0qWPR6M="></latexit><latexit sha1_base64="verKuldJ+E1NOX8HQ53N0qWPR6M="></latexit><latexit sha1_base64="verKuldJ+E1NOX8HQ53N0qWPR6M="></latexit><latexit sha1_base64="verKuldJ+E1NOX8HQ53N0qWPR6M="></latexit>

■ Continuity extension: Let �0
=

1p
m
�, x 2 ⌃k with kxk = 1 (WLOG),

and q 2 G⌘ with kx� qk 6 ⌘ & suppx = supp q.
<latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit>
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Exercise: JL involves RIP! (for sparse signals) 2/2

■ Apply JL lemma to the covering:
Global idea: tightly sample ⌃k, extends JL lemma by continuity!

<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>

Given ✏ > 0, provided

m > C✏�2 log |G⌘| ' C✏�2k log( n
⌘k ),

if � 2 Rm⇥n with �ij ⇠iid N (0, 1), then, with probability exceeding
1� C exp(�c✏2m), for all q 2 G⌘

(1� ✏)kqk 6
q

1
mk�qk 6 (1 + ✏)kqk.

<latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit>

■ Continuity extension: Let �0
=

1p
m
�, x 2 ⌃k with kxk = 1 (WLOG),

and q 2 G⌘ with kx� qk 6 ⌘ & suppx = supp q.
<latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit>

Setting ⌘ = ✏/2 with 0 < ✏ < 1: k�0xk 6 (1 + ✏) (1+⌘)
1�⌘ 6 (1 + 5✏).

Similarly: k�0xk > (1� 5✏).

A rescaling of ✏ gives the RIP.
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Exercise: JL involves RIP! (for sparse signals) 2/2

■ Apply JL lemma to the covering:
Global idea: tightly sample ⌃k, extends JL lemma by continuity!

<latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit><latexit sha1_base64="kDMARHFEZtJ9UdibmKl/2JB7SBc="></latexit>

Given ✏ > 0, provided

m > C✏�2 log |G⌘| ' C✏�2k log( n
⌘k ),

if � 2 Rm⇥n with �ij ⇠iid N (0, 1), then, with probability exceeding
1� C exp(�c✏2m), for all q 2 G⌘

(1� ✏)kqk 6
q

1
mk�qk 6 (1 + ✏)kqk.

<latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit><latexit sha1_base64="gdk2DyQQSuVEJpzjG8e7ULFaALc="></latexit>

■ Continuity extension: Let �0
=

1p
m
�, x 2 ⌃k with kxk = 1 (WLOG),

and q 2 G⌘ with kx� qk 6 ⌘ & suppx = supp q.
<latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit><latexit sha1_base64="nIqfnORkbxugV0fdX7JbMHiDQ18="></latexit>

Note: RIP can involve JL !! [Krahmer, Ward, ‘11]
46

Setting ⌘ = ✏/2 with 0 < ✏ < 1: k�0xk 6 (1 + ✏) (1+⌘)
1�⌘ 6 (1 + 5✏).

Similarly: k�0xk > (1� 5✏).

A rescaling of ✏ gives the RIP.



3. Quantized embeddings
■ Quantized embeddings with regular, scalar quantizers


■ The power of dithering

‣ Diversion: Buffon’s needle

‣ Quantized RIP property and Consistency width


■ Binary embeddings: Constructions and Properties


■ Universal quantization and locally-preserved geometry
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Quantization?

RM

codebook

q1
q2

qi

Bounded

domain

Q[u] 2 {q1, q2, · · · }
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‣ Simple example: rounding/flooring


‣ Even simpler: 1-bit quantizer


‣ Non-regular, e.g., square wave (or LSB)


Not covered here: Non-uniform scalar quantizer, vector quantizer, ΣΔ 

quantizer, noise shaping, … 

Q[�] = �b�
� c 2 �Z

for some resolution � > 0 and Q(u) = (Q(u1),Q(u2), · · · ).

In

Out
�

�

Q[�] = sign� 2 ±1 In

Out
+1

�1

(see the works of, e.g., [Gunturk, Lammers, Powell, Saab, Yilmaz, Goyal])

In

Out

Q[�] := �(b�
� c mod 2)

Quantization?
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Naive quantized JL embedding

· · ·
<latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit>

S
<latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit>

E
<latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit>

dS(x,x0)
<latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit>x

<latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit>

x0
<latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit>

f(x0)
<latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit>

f(x)
<latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit>

dE(f(x), f(x0))
<latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit>

S ⇢ Rn E ⇢ �Zm

f : S ! E
<latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit>

Mapping

J-L 
embedding

Scalar 
Quantization 

� Q

f = Q ��
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Naive quantized JL embedding

· · ·
<latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit>

S
<latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit>

E
<latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit><latexit sha1_base64="TTd0R0w9YeRT6ibH2SfeDA9QH0U="></latexit>

dS(x,x0)
<latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit>x

<latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit>

x0
<latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit>

f(x0)
<latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit>

f(x)
<latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit>

dE(f(x), f(x0))
<latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit>

S ⇢ Rn E ⇢ �Zm

f : S ! E
<latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit>

Mapping

J-L 
embedding

Scalar 
Quantization 

� Q

f = Q ��
Let’s use:
|Q(�)�Q(�0)| 6> |���0| ±

�
|Q(�)��|+|Q(�0)��0|

� 6> |���0| ± �, 8�,�0 2 R
(deterministic, always true fact)

Moreover, for B bits quantizer and dynamic range S:

� = 2S
2B (e.g., S = k�xk1)

�S S
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Naive quantized JL embedding [PB, Li, Rane]

For |S| = N points, f provides this quantized embedding in �Zm:

(1� ✏)kx� x0k � 2�B+1S

6 kf(x)� f(x0)k
6 (1 + ✏)kx� x0k+ 2�B+1S,

8x,x0 2 S

Using only m = O( logN
✏2 ) dimensions!

and B bits per dimension

(with appropriate normalizations & saturation levels)
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Naive quantized JL embedding [PB, Li, Rane]

For |S| = N points, f provides this quantized embedding in �Zm:

(1� ✏)kx� x0k � 2�
R
m+1S

6 kf(x)� f(x0)k

6 (1 + ✏)kx� x0k+ 2�
R
m+1S,

8x,x0 2 S

Using only m = O( logN
✏2 ) dimensions!

and B bits per dimension

(with appropriate normalizations & saturation levels)

for a constant rate R = mB!
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Naive quantized JL embedding [PB, Li, Rane]

For |S| = N points, f provides this quantized embedding in �Zm:

(1� ✏)kx� x0k � 2�
R
m+1S

6 kf(x)� f(x0)k

6 (1 + ✏)kx� x0k+ 2�
R
m+1S,

Using only m = O( logN
✏2 ) dimensions!

and B bits per dimension

(with appropriate normalizations & saturation levels)

for a constant rate R = mB!

8x,x0 2 S 2�B+1S

Larger B, less quantization distortion

Larger m, less J-L type distortion
✏ = O(1/

p
m)
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Naive quantized JL embedding [PB, Li, Rane]

For |S| = N points, f provides this quantized embedding in �Zm:

Given total rate R = mB, how to assign B and m ? 

More m or more B ?  

Design tradeoff: Number of projections vs. bits per 
projection

(1� ✏)kx� x0k � 2�
R
m+1S

6 kf(x)� f(x0)k

6 (1 + ✏)kx� x0k+ 2�
R
m+1S,

8x,x0 2 S 2�B+1S

Larger B, less quantization distortion

Larger m, less J-L type distortion
✏ = O(1/

p
m)
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Exploring the Design Trade-off

1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

7

Bits per dimension B = R/m

✏kx� x0k+ 2�B+1S
<latexit sha1_base64="SRuyWSEAQ0C04mAWvK7ak1imBwU="></latexit><latexit sha1_base64="SRuyWSEAQ0C04mAWvK7ak1imBwU="></latexit><latexit sha1_base64="SRuyWSEAQ0C04mAWvK7ak1imBwU="></latexit><latexit sha1_base64="SRuyWSEAQ0C04mAWvK7ak1imBwU="></latexit>

✏kx� x0k
<latexit sha1_base64="2bk/P81uu+5tqjkDCsFSl9qCcbE="></latexit><latexit sha1_base64="2bk/P81uu+5tqjkDCsFSl9qCcbE="></latexit><latexit sha1_base64="2bk/P81uu+5tqjkDCsFSl9qCcbE="></latexit><latexit sha1_base64="2bk/P81uu+5tqjkDCsFSl9qCcbE="></latexit>

2�B+1
<latexit sha1_base64="0y1bGOM24k76SA03Qwy+XdA9/Ok="></latexit><latexit sha1_base64="0y1bGOM24k76SA03Qwy+XdA9/Ok="></latexit><latexit sha1_base64="0y1bGOM24k76SA03Qwy+XdA9/Ok="></latexit><latexit sha1_base64="0y1bGOM24k76SA03Qwy+XdA9/Ok="></latexit>

Er
ro

r 
M

ag
ni

tu
de

� � k
f
(x

)
�
f
(x

0 )
k
�
kx

�
x
0 k
� �

<latexit sha1_base64="G3ezP+AUkFNjhK9mEJHO4tZwI/U="></latexit><latexit sha1_base64="G3ezP+AUkFNjhK9mEJHO4tZwI/U="></latexit><latexit sha1_base64="G3ezP+AUkFNjhK9mEJHO4tZwI/U="></latexit><latexit sha1_base64="G3ezP+AUkFNjhK9mEJHO4tZwI/U="></latexit>

(for R fixed)

decaying m

✏ /
p
1/m /

p
B

<latexit sha1_base64="ggVstpdtHKEqWgPC1qSyikC8z7E="></latexit><latexit sha1_base64="ggVstpdtHKEqWgPC1qSyikC8z7E="></latexit><latexit sha1_base64="ggVstpdtHKEqWgPC1qSyikC8z7E="></latexit><latexit sha1_base64="ggVstpdtHKEqWgPC1qSyikC8z7E="></latexit>
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Limitation
■ Additive distortion not decaying with m

■ But distortion is required!

Take � 2 {±1}m⇥n (an admissible JL embedding)
<latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit><latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit><latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit><latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit>

x = e1 = (1, 0, · · · , 0)> 2 Rn
<latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit><latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit><latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit><latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit>

x0 = e1 + �e2 with 0 < |�| < 1.
<latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit><latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit><latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit><latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit>

kx� x0k = � > 0
<latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit><latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit><latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit><latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit>

For the rounding operator Q(·) := b·+ 1/2c (if |�| < 1/2),

or with Q(·) := sign (·),
<latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit><latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit><latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit><latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit>

Q(�x) = �x = Q(�x0) , kf(x)� f(x0)k = 0
<latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit><latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit><latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit><latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit>

We have: 

�x ⌘ (1st col. of �) 2 {±1}m
<latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit><latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit><latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit><latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit>

�x0 ⌘ (1st col. of �+ � ⇥ 2nd col. of �) 2 {±1± �}m
<latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit><latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit><latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit><latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit>

However,

Therefore:

Counterexample:

[Plan, Vershynin]
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Limitation
■ Additive distortion not decaying with m

■ But distortion is required!

Take � 2 {±1}m⇥n (an admissible JL embedding)
<latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit><latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit><latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit><latexit sha1_base64="6Ehn4iwXsRaGwRx9KIrAC3O6qb4="></latexit>

x = e1 = (1, 0, · · · , 0)> 2 Rn
<latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit><latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit><latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit><latexit sha1_base64="tRtsYO02w6v6hf0p8imkXd/oaj0="></latexit>

x0 = e1 + �e2 with 0 < |�| < 1.
<latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit><latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit><latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit><latexit sha1_base64="1rtjma58KZ9c0ru5WzxSU/EbaBw="></latexit>

kx� x0k = � > 0
<latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit><latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit><latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit><latexit sha1_base64="ZaAfdoWJWvz0U4UtgGLLgiMiPqc="></latexit>

For the rounding operator Q(·) := b·+ 1/2c (if |�| < 1/2),

or with Q(·) := sign (·),
<latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit><latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit><latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit><latexit sha1_base64="XgjDzf3VF4zaBcjfDqHx/Ndr8W4="></latexit>

Q(�x) = �x = Q(�x0) , kf(x)� f(x0)k = 0
<latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit><latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit><latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit><latexit sha1_base64="nSS2bBBsUA/fPst58q2yIgFQ1uw="></latexit>

We have: 

�x ⌘ (1st col. of �) 2 {±1}m
<latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit><latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit><latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit><latexit sha1_base64="UD6F7wZWWvDSYpaP5vq/urLvQU4="></latexit>

�x0 ⌘ (1st col. of �+ � ⇥ 2nd col. of �) 2 {±1± �}m
<latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit><latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit><latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit><latexit sha1_base64="0y1WqLlPVeHAF71zxSABFXcGZhk="></latexit>

However,

Therefore:

Counterexample:

kf(x)� f(x0)k /
�
kx� x0k

<latexit sha1_base64="0egTpkyZDmV1jlYKmT7uXT9Fi94="></latexit><latexit sha1_base64="0egTpkyZDmV1jlYKmT7uXT9Fi94="></latexit><latexit sha1_base64="0egTpkyZDmV1jlYKmT7uXT9Fi94="></latexit><latexit sha1_base64="0egTpkyZDmV1jlYKmT7uXT9Fi94="></latexit>

[Plan, Vershynin]
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The power of dithering
‣ Inject a pre-quantization, uniform “noise”:

�

The good boy!

i.e., a dithering ⇠ 2 Rm with ⇠j ⇠iid U([0, �]) (your friend)

A(x) := Q(�x+ ⇠)(QDRM)

�

*: See, e.g.,  Gray & Neuhoff in Q theory, and P. Boufounos, A. Powell, … in CS

(an old trick revisited*)

Q(·)
<latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit><latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit><latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit><latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit>

Q(·+ ⇠)
<latexit sha1_base64="E0wlaFACaBBPnjGXd19argnoPx0="></latexit><latexit sha1_base64="E0wlaFACaBBPnjGXd19argnoPx0="></latexit><latexit sha1_base64="E0wlaFACaBBPnjGXd19argnoPx0="></latexit><latexit sha1_base64="E0wlaFACaBBPnjGXd19argnoPx0="></latexit>
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The power of dithering
‣ Inject a pre-quantization, uniform “noise”:


‣ Motivation? 

A(x) := Q(�x+ ⇠)

�
⇤ =

E⇠Q(u+ ⇠) = u

) A(x) ⇡ �x if M large

(an old trick revisited)

Q(·)
<latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit><latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit><latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit><latexit sha1_base64="o4MQpPnog4AXDRP1CC9MeAf5yJo="></latexit>

The good boy!

(QDRM)

i.e., a dithering ⇠ 2 Rm with ⇠j ⇠iid U([0, �]) (your friend)
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‣ Inject a pre-quantization, uniform “noise”:


‣ Motivation?


‣ Possibility to define  
quantized dimensionality reduction/embedding!

The power of dithering

A(x) := Q(�x+ ⇠)

i.e., a dithering ⇠ 2 Rm with ⇠j ⇠iid U([0, �]) (your friend)

E⇠Q(u+ ⇠) = u

) A(x) ⇡ �x if M large

(an old trick revisited)

The good boy!

(QDRM)
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x2

K

Quantizing the RIP (approximate consistency)

A(x) := Q(�x+ ⇠)

x1

Distance between the two points

Number of quantization frontiers 

between the two points?

⇡

62



A(x) := Q(�x+ ⇠)

Quantizing the RIP (approximate consistency)

K

Length of = kx1 � x2k
<latexit sha1_base64="ppW/5JyK5ZngCKzuvRjbGhYAo1s="></latexit><latexit sha1_base64="ppW/5JyK5ZngCKzuvRjbGhYAo1s="></latexit><latexit sha1_base64="ppW/5JyK5ZngCKzuvRjbGhYAo1s="></latexit><latexit sha1_base64="ppW/5JyK5ZngCKzuvRjbGhYAo1s="></latexit>

http://www.buffon.cnrs.fr

Buffon’s needle problem

(In 1733)

(thanks to the dithering)

⌘<latexit sha1_base64="CqVfbHoVpQeLzwDD1CpYbUOMBfo="></latexit><latexit sha1_base64="CqVfbHoVpQeLzwDD1CpYbUOMBfo="></latexit><latexit sha1_base64="CqVfbHoVpQeLzwDD1CpYbUOMBfo="></latexit><latexit sha1_base64="CqVfbHoVpQeLzwDD1CpYbUOMBfo="></latexit>

(short diversion)
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Buffon’s needle problem
http://www.buffon.cnrs.fr

“I suppose that in a room where the floor is simply divided 
by parallel joints one throws a stick (“needle”) in the air, 


and that one of the players bets that the stick will not cross 
any of the parallels on the floor, 


and that the other in contrast bets that the stick will cross 
some of these parallels; 


one asks for the chances of these two players.”

[Buffon’s problem 1733, Buffon’s solution 1777]

(short diversion) 64
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Buffon’s needle problem http://www.buffon.cnrs.fr

with u ⇠ U([0, �]) and ✓ ⇠ U([0, 2⇡])

P[N(u, ✓) \ G 6= ; ]
= ?

(Courtesy of E. Kowalski's blog)

(short diversion) 65
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Buffon’s needle problem http://www.buffon.cnrs.fr

Fact 1: if L < �, P = 2
⇡� L

with u ⇠ U([0, �]) and ✓ ⇠ U([0, 2⇡])

(small integral

to solve)

(short diversion) 66
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Buffon’s needle problem http://www.buffon.cnrs.fr

Fact 1: if L < �, P = 2
⇡� L

with u ⇠ U([0, �]) and ✓ ⇠ U([0, 2⇡])

(small integral

to solve)

Has been used for estimating ⇡ !

(first “Monte Carlo” method)
<latexit sha1_base64="SsR/iuyf4GgKWdcniUebWwPzu1k="></latexit><latexit sha1_base64="SsR/iuyf4GgKWdcniUebWwPzu1k="></latexit><latexit sha1_base64="SsR/iuyf4GgKWdcniUebWwPzu1k="></latexit>

(short diversion) 67
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Buffon’s needle problem http://www.buffon.cnrs.fr

Fact 1: if L < �, P = 2
⇡� L

Fact 2: if L > �, P 6= 2
⇡� L but

EX = 2
⇡� L,

with X = #{N(u, ✓) \ G }.

Proof: cut N in parts smaller than �
and sum expectations!

with u ⇠ U([0, �]) and ✓ ⇠ U([0, 2⇡])

(short diversion) 68
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Buffon’s needle problem http://www.buffon.cnrs.fr

Fact 1: if L < �, P = 2
⇡� L

Fact 2: if L > �, P 6= 2
⇡� L but

EX = 2
⇡� L,

with X = #{N(u, ✓) \ G }.

Fact 3: It works for “noodles”
(smooth curves)!

with u ⇠ U([0, �]) and ✓ ⇠ U([0, 2⇡])

N1

N2 · · ·

For information only.

(short diversion) 69
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Buffon’s needle problem http://www.buffon.cnrs.fr

Fact 1: if L < �, P = 2
⇡� L

Fact 2: if L > �, P 6= 2
⇡� L but

EX = 2
⇡� L,

with X = #{N(u, ✓) \ G }.

Fact 3: It works for “noodles”
(smooth curves)!

Fact 4: It extends to N-dim.

N(u,
⌦)

u

�

L

hy
pe

rp
lan

e

hy
pe

rp
lan

e

hy
pe

rp
lan

e

RN

⌦

G

(but not necessary)(short diversion) 70
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x2

x1

# quantization frontiers separating x1 and x2

= # separating random hyperplanes oriented
and positioned according to (�, ⇠)K

A(x) := Q(�x+ ⇠)

Hope: dithering sufficiently smooths

discontinuities to allow for RIP matrices.

= 1
M�kA(x1)� A(x2)k1 ⇡ kx1 � x2k

??

Quantizing the RIP (approximate consistency)

#{
<latexit sha1_base64="YszQqQCbpQiNBnp4WxRkSrClGlA="></latexit><latexit sha1_base64="YszQqQCbpQiNBnp4WxRkSrClGlA="></latexit><latexit sha1_base64="YszQqQCbpQiNBnp4WxRkSrClGlA="></latexit><latexit sha1_base64="YszQqQCbpQiNBnp4WxRkSrClGlA="></latexit>

}
<latexit sha1_base64="MiEUrrj3ZXQmxHa319XgbXM76mE="></latexit><latexit sha1_base64="MiEUrrj3ZXQmxHa319XgbXM76mE="></latexit><latexit sha1_base64="MiEUrrj3ZXQmxHa319XgbXM76mE="></latexit><latexit sha1_base64="MiEUrrj3ZXQmxHa319XgbXM76mE="></latexit>

⌘<latexit sha1_base64="0E1VyO62hewbMQ+MoJu3/LLgOuQ="></latexit><latexit sha1_base64="0E1VyO62hewbMQ+MoJu3/LLgOuQ="></latexit><latexit sha1_base64="0E1VyO62hewbMQ+MoJu3/LLgOuQ="></latexit><latexit sha1_base64="0E1VyO62hewbMQ+MoJu3/LLgOuQ="></latexit>
http://www.buffon.cnrs.fr

Buffon’s needle problem

(In 1733)

E(intersections) / length
<latexit sha1_base64="s4vEwXbI/fHSCbsXwckRvXyOn9U="></latexit><latexit sha1_base64="s4vEwXbI/fHSCbsXwckRvXyOn9U="></latexit><latexit sha1_base64="s4vEwXbI/fHSCbsXwckRvXyOn9U="></latexit><latexit sha1_base64="s4vEwXbI/fHSCbsXwckRvXyOn9U="></latexit>

(end of the short diversion)
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Let � be a (`1, `2)-RIP(✏,K �K) matrix, i.e.,

(1� ✏)kxk2 6 c�
m k�xk21 6 (1 + ✏)kxk2, 8x 2 K �K,

[Dirksen, Jung, Rauhut, 17]

Let K ⇢ RN be a structured set (e.g., sparse signals, low-rank matrices).

Quantizing the RIP (approximate consistency)

(e.g., Gaussian random matrix, circulant Gaussian random matrix for K = ⌃K)
<latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit>
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Let � be a (`1, `2)-RIP(✏,K �K) matrix, i.e.,

(1� ✏)kxk2 6 c�
m k�xk21 6 (1 + ✏)kxk2, 8x 2 K �K,

(e.g., Gaussian random matrix, circulant Gaussian random matrix for K = ⌃K)
<latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit>

Let K ⇢ RN be a structured set (e.g., sparse signals, low-rank matrices).

[LJ, Cambareri, 17]

(9 other variants with `2/`2 and standard RIP)

Provided that M & ✏�2 CK log(1 + 1
�✏ ),

with probability exceeding 1� C exp(�✏2m),

(1� ✏)kx1 � x2k � c0✏� 6 1
mkA(x1)� A(x2)k1 6 (1 + ✏)kx1 � x2k+ c0✏�,

for all x1,x2 2 K \ BN .

(with CK > 0 an upper bound on w(K)2)

Quantizing the RIP (approximate consistency)

[Dirksen, Jung, Rauhut, 17]

73



Let � be a (`1, `2)-RIP(✏,K �K) matrix, i.e.,

(1� ✏)kxk2 6 c�
m k�xk21 6 (1 + ✏)kxk2, 8x 2 K �K,

(e.g., Gaussian random matrix, circulant Gaussian random matrix for K = ⌃K)
<latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit>

Let K ⇢ RN be a structured set (e.g., sparse signals, low-rank matrices).

[LJ, Cambareri, 17]

(9 other variants with `2/`2 and standard RIP)

Provided that M & ✏�2 CK log(1 + 1
�✏ ),

with probability exceeding 1� C exp(�✏2m),

(1� ✏)kx1 � x2k � c0✏� 6 1
mkA(x1)� A(x2)k1 6 (1 + ✏)kx1 � x2k+ c0✏�,

for all x1,x2 2 K \ BN .

(with CK > 0 an upper bound on w(K)2)

Quantizing the RIP (approximate consistency)

Decaying distortion:
✏ = O(1/

p
m)

[Dirksen, Jung, Rauhut, 17]
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Let � be a (`1, `2)-RIP(✏,K �K) matrix, i.e.,

(1� ✏)kxk2 6 c�
m k�xk21 6 (1 + ✏)kxk2, 8x 2 K �K,

Let K ⇢ RN be a structured set (e.g., sparse signals, low-rank matrices).

[LJ, Cambareri, 17]

Dimensionality reduction! 

Classification?

Provided that M & ✏�2 CK log(1 + 1
�✏ ),

with probability exceeding 1� C exp(�✏2m),

(1� ✏)kx1 � x2k � c0✏� 6 1
mkA(x1)� A(x2)k1 6 (1 + ✏)kx1 � x2k+ c0✏�,

for all x1,x2 2 K \ BN .

(with CK > 0 an upper bound on w(K)2)

Quantizing the RIP (approximate consistency)

(e.g., Gaussian random matrix, circulant Gaussian random matrix for K = ⌃K)
<latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit><latexit sha1_base64="LwR6HWa6o87j+eRYIYVxVR2Nm+A="></latexit>

(9 other variants with `2/`2 and standard RIP)

[Dirksen, Jung, Rauhut, 17]
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Control of the “consistency width”

low complexity set K
(e.g., sparse signals,

low-rank matrix, 

compressible signals, …)

K
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'1

� =

0

B@
'T

1
...

'T
M

1

CA

Q('>
1 u+ ⇠1) = cst.⇢

�b('>
1 u+ ⇠1)/�c

⇠1

K

Control of the “consistency width”

Signals u 2 K s.t.
<latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit>
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'1

'2

� =

0

B@
'T

1
...

'T
M

1

CA

Q('>
1 u+ ⇠1) = cst.

Q('>
2 u+ ⇠2) = cst.

�

⇠2

K

Control of the “consistency width”

Signals u 2 K s.t.
<latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit>
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� =

0

B@
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1
...

'T
M

1

CA

A(u) := Q(�u+ ⇠) = y

K

Consistency
cell in K

for some y 2 �ZM
<latexit sha1_base64="KGm5wLN4TZCyQ3Aqxl9zDQPVzqk="></latexit><latexit sha1_base64="KGm5wLN4TZCyQ3Aqxl9zDQPVzqk="></latexit><latexit sha1_base64="KGm5wLN4TZCyQ3Aqxl9zDQPVzqk="></latexit><latexit sha1_base64="KGm5wLN4TZCyQ3Aqxl9zDQPVzqk="></latexit>

Control of the “consistency width”

⇢

<latexit sha1_base64="rn0pr8z+WD8YUgsPxJNlJmE0rGk="></latexit> <latexit sha1_base64="rn0pr8z+WD8YUgsPxJNlJmE0rGk="></latexit> <latexit sha1_base64="rn0pr8z+WD8YUgsPxJNlJmE0rGk="></latexit> <latexit sha1_base64="rn0pr8z+WD8YUgsPxJNlJmE0rGk="></latexit>

Signals u 2 K s.t.
<latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit><latexit sha1_base64="5IaKb2e5wN8nA8QuO27LWmtfCBM="></latexit>
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✏(M)

x1

x2 � =

0

B@
'T

1
...

'T
M

1

CA

K

Consistency
cell in K

kx1 � x2k 6 ✏(M)

Control of the “consistency width”

Definition: “Consistency width” ✏(M) :=
Largest distance between 2 points from any consistency cell.

(⌘ worst case error of algorithms with a consistent solution)
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✏(M)

x1

x2 � =

0

B@
'T

1
...

'T
M

1

CA

For � a random Gaussian matrix,
[LJ, 16], [LJ, 17]

K

Consistency
cell in K

kx1 � x2k 6 ✏(M)

✏(M) 6 CK,� M
�1/q.
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Open problem: 

Extension to RIP matrices?

with high probability,

Control of the “consistency width”

with q = 1 (for, e.g., sparse signals, low-rank matrices), or q = 4 for convex sets.
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Binary embeddings
‣ Why 1-bit?

IEEE SIGN AL PROCESSING M A G AZINE [ 7 1 ] N O VEMBER 2005

The pipel ined structure and unknown structure have the
best overa l l per formance , so tha t they are best suited for
applicat ions with high performance requirements, such as
wire less transce iver applicat ions and military use [3]. SAR
ADCs have wide ly ranging sampling rates, though they are
not the fastest devices. Sti l l , these devices are popular for
their range of speeds and resolutions as wel l as low cost and
power dissipation . It can be seen that there is a borderline of
sampling rate at around 30 Ms/s separating the sigma-delta
and flash ADCs. Sigma-delta ADCs have the highest resolu-
tion with relatively low sampling rates from kilosamples per
second to megasamples per second, while f lash ADCs have
t h e  h igh e s t  s a mpl i ng r a t e s up to
Gsps due to the ir para l le l structure
but with a resolution l imited to no
more than 8 b due to nonl inear i ty.
B e twe e n th e se  two s t ru c t u r e s a r e
unknown struc tures compromising
speed and resolution . 

We  a r e  a l so i n t e r e s t e d i n  t h e
envelope of the sample distributions
in this plot since such an enve lope
i ndi c a t es t h e  pe r form a n c e  l im i t a-
tions. It is reasonable to extract the
enve lope in forma t ion based on the
ADCs with the highest performance
to postu la te the des ign cha l lenges
and technology trends.

In Figure 1, if Walden’s claim that P
is relatively constant is true, according
to (1), the envelope line should show
that a 3 dBs/s increment in fs corre-
sponds to a 1-b reduction in resolution.
However, Figure 1 shows that the real
tradeoff is 1 b/2.3 dBs/s. Compared to
the 1 b/3 dBs/s slope hypothesis, there
is an improvement in P at low sam-
pling rates and degradat ion at high
sampling rates. This trend indicates
that the ADC performance boundary is
varying with sampling rate, as illustrat-
ed by Figure 2 where ENOB is plotted
versus the sampling rate.

As stated previously, noise and dis-
tortion cause most of the performance
degrada t ion in prac t ica l ADCs. The
internal sample-hold-quantize signal
operat ions are nonl inear, and those
effects are represented as equiva lent
noise effects so that they can be unified
into noise-based equations to simplify
the performance ana lysis. Therefore,
besides therma l noise , we have two
additional noise sources, quantization
noise [2] and aperture-jitter noise [1].

THERM AL NOISE
Thermal noise by itself [1] has a 1 b/6 dBs/s relationship to sam-
pling frequency assuming Nyquist sampling [2]. However, it is
usually overwhelmed by the capacitance noise since the S/H stage,
as the input stage of an ADC, shows strong capacitive characteris-
tics. Therefore, the capacitance noise (modeled as kT/C noise [4],
where k is Boltzmann’s constant, T is the temperature, and C is
the capacitance) is usually assumed as the input noise floor.

QUANTIZATION NOISE
The signal distortion in quantization is modeled as quantization
noise with a signal-to-quantization-noise ratio (SQNR) definition of

[FIG1] Stated number of bits versus sampling rate.
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Binary embeddings
‣ Why 1-bit?
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The pipel ined structure and unknown structure have the
best overa l l per formance , so tha t they are best suited for
applicat ions with high performance requirements, such as
wire less transce iver applicat ions and military use [3]. SAR
ADCs have wide ly ranging sampling rates, though they are
not the fastest devices. Sti l l , these devices are popular for
their range of speeds and resolutions as wel l as low cost and
power dissipation . It can be seen that there is a borderline of
sampling rate at around 30 Ms/s separating the sigma-delta
and flash ADCs. Sigma-delta ADCs have the highest resolu-
tion with relatively low sampling rates from kilosamples per
second to megasamples per second, while f lash ADCs have
t h e  h igh e s t  s a mpl i ng r a t e s up to
Gsps due to the ir para l le l structure
but with a resolution l imited to no
more than 8 b due to nonl inear i ty.
B e twe e n th e se  two s t ru c t u r e s a r e
unknown struc tures compromising
speed and resolution . 

We  a r e  a l so i n t e r e s t e d i n  t h e
envelope of the sample distributions
in this plot since such an enve lope
i ndi c a t es t h e  pe r form a n c e  l im i t a-
tions. It is reasonable to extract the
enve lope in forma t ion based on the
ADCs with the highest performance
to postu la te the des ign cha l lenges
and technology trends.

In Figure 1, if Walden’s claim that P
is relatively constant is true, according
to (1), the envelope line should show
that a 3 dBs/s increment in fs corre-
sponds to a 1-b reduction in resolution.
However, Figure 1 shows that the real
tradeoff is 1 b/2.3 dBs/s. Compared to
the 1 b/3 dBs/s slope hypothesis, there
is an improvement in P at low sam-
pling rates and degradat ion at high
sampling rates. This trend indicates
that the ADC performance boundary is
varying with sampling rate, as illustrat-
ed by Figure 2 where ENOB is plotted
versus the sampling rate.

As stated previously, noise and dis-
tortion cause most of the performance
degrada t ion in prac t ica l ADCs. The
internal sample-hold-quantize signal
operat ions are nonl inear, and those
effects are represented as equiva lent
noise effects so that they can be unified
into noise-based equations to simplify
the performance ana lysis. Therefore,
besides therma l noise , we have two
additional noise sources, quantization
noise [2] and aperture-jitter noise [1].

THERM AL NOISE
Thermal noise by itself [1] has a 1 b/6 dBs/s relationship to sam-
pling frequency assuming Nyquist sampling [2]. However, it is
usually overwhelmed by the capacitance noise since the S/H stage,
as the input stage of an ADC, shows strong capacitive characteris-
tics. Therefore, the capacitance noise (modeled as kT/C noise [4],
where k is Boltzmann’s constant, T is the temperature, and C is
the capacitance) is usually assumed as the input noise floor.

QUANTIZATION NOISE
The signal distortion in quantization is modeled as quantization
noise with a signal-to-quantization-noise ratio (SQNR) definition of
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Binary embeddings
‣ Why 1-bit?

‣ Embedding in which distances?

= sign

� x

M M ⇥N
N

⇢

M -bits!

q

Lost norm

Binary
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distance
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Binary embeddings
‣ Why 1-bit?

‣ Embedding in which distances?

dH(u,v) =
1
M

P
i
(ui � vi) (norm. Hamming)

dang(x, s) =
1
⇡

arccos(hx, si) (norm. angle)

Lost norm

Binary

vector

Hamming

distance

Angular

distance
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Binary embeddings
‣ Why 1-bit?

‣ Embedding in which distances?


‣ Fact:

dH(u,v) =
1
M

P
i
(ui � vi) (norm. Hamming)

dang(x, s) =
1
⇡

arccos(hx, si) (norm. angle)

Let � ⇠ NM⇥N (0, 1), A(·) = sign (� ·) 2 {�1, 1}M and ✏ > 0.
For any x, s 2 SN�1, we have

P�

⇥ �� dH
�
A(x), A(s)

�
� dang(x, s)

�� 6 ✏
⇤

> 1� 2 e�2✏2M .

[e.g., Goemans, Williamson, ’95]

Thanks to A(.), Hamming distance 
concentrates around vector angles!  

x
s

random plane

'
+�
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Binary ϵ-stable embedding

A mapping A : RN ⇥ {±1}M is a binary �-stable embedding (B�SE) of
order K for sparse vectors if

dang(x, s)� � 6 dH(A(x), A(s)) 6 dang(x, s) + �

for all x, s ⇤ SN�1 with x± s K-sparse.

Kind of “binary restricted (quasi) isometry”:

A(x)

A(s)
x

s

Binary Mapping

A : ⌃K \ SN�1 ! {±1}M

Boolean Cube

(+1,+1,�1, · · · ,�1)

(�1,�1,+1, · · · ,+1)

dang dH

⌃K \ SN�1
{±1}M
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Binary ϵ-stable embedding

A mapping A : RN ⇥ {±1}M is a binary �-stable embedding (B�SE) of
order K for sparse vectors if

dang(x, s)� � 6 dH(A(x), A(s)) 6 dang(x, s) + �

for all x, s ⇤ SN�1 with x± s K-sparse.

                              

Let � ⇥ NM⇥N (0, 1), fix 0 6 ⇥ 6 1 and � > 0. If

M > 4
�2

�
K log(N) + 2K log( 50

� ) + log( 2
⇥ )

�
,

then � is a B�SE with Pr > 1� ⇥.
M = O(��2K log N)

Kind of “binary restricted (quasi) isometry”:

Binarized gaussian random projections

[LJ, J. Laska, PB, R. Baraniuk, ’13]
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Proposition Let � ⇥ NM⇥N (0, 1) and K ⇤ RN . Then, for some C, c > 0, if

M > C��6w2(K),

then, with Pr > 1� e�c�2M , we have

dang(x, s)� � 6 dH(A(x), A(s)) 6 dang(x, s)� �, ⇧x, s ⌅ K.

Beyond strict sparsity ... [Plan, Vershynin, ‘13]

Random hyperplane tessellations


K

x

s
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Proposition Let � ⇥ NM⇥N (0, 1) and K ⇤ RN . Then, for some C, c > 0, if

M > C��6w2(K),

then, with Pr > 1� e�c�2M , we have

dang(x, s)� � 6 dH(A(x), A(s)) 6 dang(x, s)� �, ⇧x, s ⌅ K.

not as optimal but

stronger result!

Generalize BϵSE to more general sets! 
  e.g., to non-conic sets such as:

CK = {u ⇥ RN : ⇤u⇤2/⇤u⇤1 6
⌅

K} � �K

with w2(CK) 6 cK log N/K.

Beyond strict sparsity ...

Set of compressible signals:

[Plan, Vershynin, ‘13]

u(1) u(2) · · ·
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‣ Beware the counter example! (e.g., binary matrix)

‣ Several constructions for finite sets 

e.g.,

Beyond the Gaussian Domination

[F. Yu et al, ’15][S. Oymak, ’16][S. Dirksen, A. Stollenwerk, ’16] 
[S. Dirksen, S. Mendelson, ’18]

If logN . ✏2(log n)�1n1/3 and m & ✏�3 logN ,

Then, f(·) = sign (�·) is a ✏-binary embedding (i.e., respect B✏SE)

m⇥ n
<latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit><latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit><latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit><latexit sha1_base64="UUys5JZYqAXaNIkprruZLZjT2Pw="></latexit>

n⇥ n
<latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit>

Selection matrix

Circulant Gaussian

diag(a1, · · · , an) diag(b1, · · · , bn)
1 0 0 · · · 0
0 0 1 · · · 0...

...
...

...

g1 g2 · · · gn

g2 g3 · · · g1
...

. . .
...

gn g1 · · · gn�1

Hadamard

n⇥ n
<latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit>

n⇥ n
<latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit>

n⇥ n
<latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit><latexit sha1_base64="iTDldOYa6BmWFWPsio0JwwSiWI8="></latexit>

� =

with gi, ai, bi ⇠iid N (0, 1). “spreading” part
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‣ Beware the counter example! (e.g., binary matrix)

‣ Several constructions for finite sets 

e.g., 
 
+ other constructions (e.g., Fast JL transform with Gaussian) 
For most, an upper bound on N or log N (with N the number of vectors)

Beyond the Gaussian Domination

[F. Yu et al, ’15][S. Oymak, ’16][S. Dirksen, A. Stollenwerk, ’16] 
[S. Dirksen, S. Mendelson, ’18]
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‣ For low-complexity vectors: The mapping 
 
 
allows for dense non-Gaussian matrix (e.g., Bernoulli)

Beyond the Gaussian Domination

[S. Dirksen, S. Mendelson, ’18]

f(·) = sign (� ·+⇠), with ⇠i ⇠iid N (0, R).

8x,x0 2 conv(K), kx� x0k > ✏,

c
kx� x0k

R
6 dH(f(x), f(x0)) 6 c0

p
log(eR/✏)

kx� x0k
R

,

w.h.p., provided m & R✏�3 log(R/✏)w2(K).

■ Valid for any bounded, low-complexity set!

■ asymmetric bounds

■ restriction to well separated vectors
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Binary Embedding for Deep Learning

6

Fig. 5. Sketch of the distortion of two classes with distinguishable angle
between them as obtained by one layer of DNN with random weights. These
networks are suitable for separating this type of classes. Note that the distance
between the blue and red points shrinks less than the distance between the
red points as the angle between the latter is smaller.

we conclude that the DNN distort the angles in the input
manifold K similarly and keep the general configuration of
angles between the points.
To see that our theory captures the behavior of DNN

endowed with pooling, we test how the angles change through
the state-of-the-art 19-layers deep network trained in [36] for
the ImageNet dataset. We randomly select 3 ·104 angles (pairs
of data points) in the input of the network, partitioned to three
equally-sized groups, each group corresponding to a one of the
ranges [0,π/4], [π/4,π/2] and [π/2,π]. We test their behavior
after applying eight and sixteen non-linear layers. The latter
case corresponds to the part of the network excluding the fully
connected layers. We denote by x̄ the vector in the output of
a layer corresponding to the input vector x. Fig. 4 presents a
histogram of the values of the angles ∠(x̄, ȳ) at the output of
each of the layers for each of the three groups. It shows also
the ratio ∠(x̄, ȳ)/∠(x,y) and difference ∠(x̄, ȳ) − ∠(x,y),
between the angles at the output of the layers and their original
value at the input of the network.
As Theorem 4 predicts, the ratio ∠(x̄, ȳ)/∠(x,y) corre-

sponding to ∠(x,y) ∈ [π/2,π] is half the ratio corresponding
to input angles in the range [0,π/2]. Furthermore, the ratios in
the ranges [0,π/4] and [π/4,π/2] are approximately the same,
where in the range [π/4,π/2] they are slightly larger. This is
in line with Theorem 4 that claim that the angles in this range
decrease approximately in the same rate, where for larger
angles the shrink is slightly larger. Also note that according
to our theory the ratio corresponding to input angles in the
range [0,π/4] should behave on average like 0.95q, where q
is the number of layers. Indeed, for q = 8, 0.958 = 0.66 and
for q = 16, 0.9516 = 0.44; the centers of the histograms for
the range [0,π/4] are very close to these values. Notice that
we have a similar behavior also for the range [π,π/2]. This
is not surprising, as by looking at Fig. 3 one may observe
that these angles also turn to be in the range that has the
ratio 0.95. Remarkably, Fig. 4 demonstrates that the network
keeps the order between the angles as Theorem 4 suggests.
Notice that the shrinkage of the angles does not cause large
angles to become smaller than other angles that were originally
significantly smaller than them. Moreover, small angles in the
input remain small in the output as can be seen in Fig. 4(right).
We sketch the distortion of two sets with distinguishable

angle between them by one layer of DNN with random weights
in Fig. 5. It can be observed that the distance between points

with a smaller angle between them shrinks more than the
distance between points with a larger angle between them.
Ideally, we would like this behavior, causing points belonging
to the same class to stay closer to each other in the output
of the network, compared to points from different classes.
However, random networks are not selective in this sense: if
a point x forms the same angle with a point z from its class
and with a point y from another class, then their distance will
be distorted approximately by an equal amount. Moreover, the
separation caused by the network is dependent on the setting of
the coordinate system origin with respect to which the angles
are calculated. The location of the origin is dependent on the
bias terms b (in this case each layer is of the form ρ(Mx+b)),
which are set to zero in the random networks here studied.
These are learned by the training of the network, affecting the
angles that cause the distortions of the Euclidean (and angular)
distances. We demonstrate the effect of training in Section VI.

IV. EMBEDDING OF THE ENTIRE NETWORK
In order to show that the results in sections II and III

also apply to the entire network and not only to one layer,
we need to show that the Gaussian mean width does not
grow significantly as the data propagate through the layers.
Instead of bounding the variation of the Gaussian mean width
throughout the network, we bound the change in the covering
number Nε(K), i.e., the smallest number of #2-balls of radius
ε that cover K . Having the bound on the covering number, we
use Dudley’s inequality [48],

ω(K) ≤ C

∫ ∞

0

√

logNε(K)dε, (8)

to bound the Gaussian mean width.
Theorem 6: Under the assumptions of Theorem 1,

Nε(f(MK)) ≤ N
ε/

(

1+ω(K)
√

m

) (K) . (9)

Proof: We divide the proof into two parts. In the first one,
we consider the effect of the activation function f on the size
of the covering, while in the second we examine the effect
of the linear transformation M. Starting with the activation
function, let x0 ∈ K be a center of a ball in the covering of
K and x ∈ K be a point that belongs to the ball of x0 of
radius ε, i.e., ‖x− x0‖2 ≤ ε. It is not hard to see that since a
semi-truncated linear activation function shrinks the data, then
‖f(x)− f(x0)‖2 ≤ ‖x− x0‖2 ≤ ε and therefore the size of
the covering does not increase (but might decrease).
For the linear part we have that [49, Theorem 1.4]

‖Mx−Mx0‖2 ≤
(

1 +
ω(K)√

m

)

‖x− x0‖2 . (10)

Therefore, after the linear operation each covering ball with
initial radius ε is not bigger than (1 + ω(K)√

m
)ε. Since the

activation function does not increase the size of the covering,
we have that after a linear operation followed by an activation
function, the size of the covering balls increases by a factor
of (1 + ω(K)√

m
). Therefore, the size of a covering with balls of

radius ε of the output data f(MK) is bounded by the size of
a covering with balls of radius ε/(1 + ω(K)√

m
). "

R. Giryes, G. Sapiro and A.M. Bronstein, 
“Deep Neural Networks with Random Gaussian Weights: A Universal Classification Strategy?”   
IEEE Transactions on Signal Processing, vol. 64, no. 13, pp. 3444-3457, Jul. 2016.

ReLu

(at each layer)

Strong distances

shrinking (small angle) 

Weak distances

shrinking DNN/CNN with random weights
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Fig. 5. Sketch of the distortion of two classes with distinguishable angle
between them as obtained by one layer of DNN with random weights. These
networks are suitable for separating this type of classes. Note that the distance
between the blue and red points shrinks less than the distance between the
red points as the angle between the latter is smaller.

we conclude that the DNN distort the angles in the input
manifold K similarly and keep the general configuration of
angles between the points.
To see that our theory captures the behavior of DNN

endowed with pooling, we test how the angles change through
the state-of-the-art 19-layers deep network trained in [36] for
the ImageNet dataset. We randomly select 3 ·104 angles (pairs
of data points) in the input of the network, partitioned to three
equally-sized groups, each group corresponding to a one of the
ranges [0,π/4], [π/4,π/2] and [π/2,π]. We test their behavior
after applying eight and sixteen non-linear layers. The latter
case corresponds to the part of the network excluding the fully
connected layers. We denote by x̄ the vector in the output of
a layer corresponding to the input vector x. Fig. 4 presents a
histogram of the values of the angles ∠(x̄, ȳ) at the output of
each of the layers for each of the three groups. It shows also
the ratio ∠(x̄, ȳ)/∠(x,y) and difference ∠(x̄, ȳ) − ∠(x,y),
between the angles at the output of the layers and their original
value at the input of the network.
As Theorem 4 predicts, the ratio ∠(x̄, ȳ)/∠(x,y) corre-

sponding to ∠(x,y) ∈ [π/2,π] is half the ratio corresponding
to input angles in the range [0,π/2]. Furthermore, the ratios in
the ranges [0,π/4] and [π/4,π/2] are approximately the same,
where in the range [π/4,π/2] they are slightly larger. This is
in line with Theorem 4 that claim that the angles in this range
decrease approximately in the same rate, where for larger
angles the shrink is slightly larger. Also note that according
to our theory the ratio corresponding to input angles in the
range [0,π/4] should behave on average like 0.95q, where q
is the number of layers. Indeed, for q = 8, 0.958 = 0.66 and
for q = 16, 0.9516 = 0.44; the centers of the histograms for
the range [0,π/4] are very close to these values. Notice that
we have a similar behavior also for the range [π,π/2]. This
is not surprising, as by looking at Fig. 3 one may observe
that these angles also turn to be in the range that has the
ratio 0.95. Remarkably, Fig. 4 demonstrates that the network
keeps the order between the angles as Theorem 4 suggests.
Notice that the shrinkage of the angles does not cause large
angles to become smaller than other angles that were originally
significantly smaller than them. Moreover, small angles in the
input remain small in the output as can be seen in Fig. 4(right).
We sketch the distortion of two sets with distinguishable

angle between them by one layer of DNN with random weights
in Fig. 5. It can be observed that the distance between points

with a smaller angle between them shrinks more than the
distance between points with a larger angle between them.
Ideally, we would like this behavior, causing points belonging
to the same class to stay closer to each other in the output
of the network, compared to points from different classes.
However, random networks are not selective in this sense: if
a point x forms the same angle with a point z from its class
and with a point y from another class, then their distance will
be distorted approximately by an equal amount. Moreover, the
separation caused by the network is dependent on the setting of
the coordinate system origin with respect to which the angles
are calculated. The location of the origin is dependent on the
bias terms b (in this case each layer is of the form ρ(Mx+b)),
which are set to zero in the random networks here studied.
These are learned by the training of the network, affecting the
angles that cause the distortions of the Euclidean (and angular)
distances. We demonstrate the effect of training in Section VI.

IV. EMBEDDING OF THE ENTIRE NETWORK
In order to show that the results in sections II and III

also apply to the entire network and not only to one layer,
we need to show that the Gaussian mean width does not
grow significantly as the data propagate through the layers.
Instead of bounding the variation of the Gaussian mean width
throughout the network, we bound the change in the covering
number Nε(K), i.e., the smallest number of #2-balls of radius
ε that cover K . Having the bound on the covering number, we
use Dudley’s inequality [48],

ω(K) ≤ C

∫ ∞

0

√

logNε(K)dε, (8)

to bound the Gaussian mean width.
Theorem 6: Under the assumptions of Theorem 1,

Nε(f(MK)) ≤ N
ε/

(

1+ω(K)
√

m

) (K) . (9)

Proof: We divide the proof into two parts. In the first one,
we consider the effect of the activation function f on the size
of the covering, while in the second we examine the effect
of the linear transformation M. Starting with the activation
function, let x0 ∈ K be a center of a ball in the covering of
K and x ∈ K be a point that belongs to the ball of x0 of
radius ε, i.e., ‖x− x0‖2 ≤ ε. It is not hard to see that since a
semi-truncated linear activation function shrinks the data, then
‖f(x)− f(x0)‖2 ≤ ‖x− x0‖2 ≤ ε and therefore the size of
the covering does not increase (but might decrease).
For the linear part we have that [49, Theorem 1.4]

‖Mx−Mx0‖2 ≤
(

1 +
ω(K)√

m

)

‖x− x0‖2 . (10)

Therefore, after the linear operation each covering ball with
initial radius ε is not bigger than (1 + ω(K)√

m
)ε. Since the

activation function does not increase the size of the covering,
we have that after a linear operation followed by an activation
function, the size of the covering balls increases by a factor
of (1 + ω(K)√

m
). Therefore, the size of a covering with balls of

radius ε of the output data f(MK) is bounded by the size of
a covering with balls of radius ε/(1 + ω(K)√

m
). "

R. Giryes, G. Sapiro and A.M. Bronstein, 
“Deep Neural Networks with Random Gaussian Weights: A Universal Classification Strategy?”   
IEEE Transactions on Signal Processing, vol. 64, no. 13, pp. 3444-3457, Jul. 2016.

dang(x, s)� ✏ 6 dH(A(x), A(s)) 6 dang(x, s) + ✏

ReLu

(at each layer)

Strong distances

shrinking (small angle) 

Weak distances

shrinking 

1
2kx� sk � ✏ 6 1p

m
k⇢(�x)� ⇢(�s)k 6 kx� sk+ ✏

8x, s 2 K

)

⇡ 1
2kx� sk if \(x, s) small.

DNN/CNN with random weights
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What can a bit tell us?

y

3 bit quantization

intervals

0 1

y
1st bit (MSB)

0 01 1

y
2nd bit

0 00 01 11 1

y
3rd bit (LSB)

Universally quantized embedding 
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Can we intelligently

isolate this information


in the distance map g(·)? 

Universally quantized embedding 
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Rate-Efficient Scalar Quantization
Solution: Modify the quantizer!


Non-monotonic quantizer: Multiple intervals quantize to same value

(Focus on 1-bit quantizer today)

… …

0
1 2 3-1-2-3 y

Q(y)

1

1 2 3-1-2-3 y

Q(y)

1
2
3

-4 4

… …

Measurements
 Dither


scaling/precision parameter

(Δm = Δ, same for all measurements)

scalar quantizer

(non-monotonic)

qm = Q

✓
hx,ami+ wm

�m

◆
, q = Q(��1(Ax+w))

Aij ⇠i.i.d. N (0,�2), wi ⇠i.i.d. U([0,�])Aij ⇠i.i.d. N (0,�2), wi ⇠i.i.d. U([0,�])
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Measurement 

Behavior
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Solution: Modify the quantizer!


Non-monotonic quantizer: Multiple intervals quantize to same value

(Focus on 1-bit quantizer today)

y = h(Ax+w)

Quantizer design fits the analysis framework

… …

0
1 2 3-1-2-3 y

Q(y)

1

1 2 3-1-2-3 y

Q(y)

1
2
3

-4 4

… …

qm = Q

✓
hx,ami+ wm

�m

◆
, q = Q(��1(Ax+w))

Rate-Efficient Scalar Quantization
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Embedding Properties

· · ·
<latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit>

S
<latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit>

dS(x,x0)
<latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit>x

<latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit>

x0
<latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit>

f(x0)
<latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit>

f(x)
<latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit>

dE(f(x), f(x0))
<latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit>

f : S ! E
<latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit>

Mapping
`2-distance

E ⇢ {0, 1}MEmbedding spaceSignal space

E ⇢ {0, 1}M
Hamming

distance

f(x) := Q(��1(Ax+w)), Aij ⇠i.i.d. N (0,�2), wi ⇠i.i.d. U([0,�])
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Embedding Properties

· · ·
<latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit><latexit sha1_base64="gAacHiLYYwM8M/mzlYx/HTSOxrs="></latexit>

S
<latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit><latexit sha1_base64="/w2x5OGqoyn+HcoJ9sgJAGvkHLs="></latexit>

dS(x,x0)
<latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit><latexit sha1_base64="KZnkAtyRlbUIlKuSxrPZrLGzsds="></latexit>x

<latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit><latexit sha1_base64="oQTWZUw0GnnHJwNKb8NFymPWe70="></latexit>

x0
<latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit><latexit sha1_base64="eAYkvX9KiIiN9b3+nXoVxbNOnT4="></latexit>

f(x0)
<latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit><latexit sha1_base64="sbUEJTM4MtWkg5/S+K968R+fZj0="></latexit>

f(x)
<latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit><latexit sha1_base64="6H04D5uwe9fMwkxzDH6k2JTe2bE="></latexit>

dE(f(x), f(x0))
<latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit><latexit sha1_base64="ey5AnoWWjRASe4wLNW13uvBZHaM="></latexit>

f : S ! E
<latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit><latexit sha1_base64="hbPPpYze6Fj9zwhaJpAhocCMVQo="></latexit>

Mapping
`2-distance

E ⇢ {0, 1}M

M = log(N)

Embedding spaceSignal space

For all x,x0 2 S := {xi : 1 6 i 6 N}, with d := kx� x0k,

g(d)� � 6 dH(f(x), f(x0)) 6 g(d) + �,

with
g(d) := 1

2 �
P+1

i=0
4

⇡2(2i+1)2 exp
�
� ⇡

2(2i+1)2�2
d
2

2�2

�
.

E ⇢ {0, 1}M
Hamming

distance

f(x) := Q(��1(Ax+w)), Aij ⇠i.i.d. N (0,�2), wi ⇠i.i.d. U([0,�])

w.h.p,
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g0(ed)
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g0(ed)

Error Behavior

Properties (slope) controlled by choice of Δ

Distance estimate:

Estimate ambiguity:

ed = g�1 (dH (f(x), f(x0)))
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1

g(d) =
1
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g(d)� � 6 dH(f(x), f(x0)) 6 g(d) + �,
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Error Behavior
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g(d)� � 6 dH(f(x), f(x0)) 6 g(d) + �,
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Error Behavior
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Large Δ: small slope, more ambiguity, preserves larger distances

g(d)� � 6 dH(f(x), f(x0)) 6 g(d) + �,
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Coffee/Tea break
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Outline
1. Introduction 

2. Fundamentals of embeddings and embedology

3. Quantized embeddings 

 

Coffee/Tea break 

4. Embedding Design

5. Embeddings of Alternative Metrics

6. Learning Embeddings 

7. Conclusions and open problems
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GENERAL EMBEDDING DESIGN



Generalized Embedding Maps [B, Rane ’13a]

Original space

Distance metric: dS

Embedding space

Embed in W


Distance metric: dW

Can we construct a general distance map?

S⊂!N W⊂!Mf (x)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Signal `22 Distance

(a) Johnson-Lindenstrauss Embedding
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(b) Universal Quantized Embedding
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(c) General Distant-distorting Embedding
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Can we characterize a general distance map?
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Generalized Embedding Maps [B, Rane ’13a]

Original space

Distance metric: dS

Embedding space

Embed in W


Distance metric: dW

For all x,y in S:

Assume we can construct a distance map g(·) 

S⊂!N W⊂!Mf (x)

g(dS(x,x
0)) ⇡ dW(f(x), f(x0))
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(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �

Generalized Embedding Maps [B, Rane ’13a]

Original space

Distance metric: dS

Embedding space

Embed in W


Distance metric: dW

For all x,y in S:

Assume we can construct a distance map g(·) 

S⊂!N W⊂!Mf (x)
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fdS

dW

dW

dS

g(·)

Embedding Analysis [B, Rane ’13a]

For all x,y in S:

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �

dW(f(x), f(x⇥)) ⇡ g(dS(x,x
⇥))

) edS = g�1(dW(f(x, f(x⇥))
dW(f(x), f(x⇥)) ⇡ g(dS(x,x

⇥))

) edS = g�1(dW(f(x, f(x⇥))

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �
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fdS

dW

dW

dS

g(·)

Embedding Analysis [B, Rane ’13a]

For all x,y in S:

fdS

dW

���dS(x,x�)� edS
��� . � + ⇥dW(f(x), f(x�)

g�(edS)
Accuracy depends on slope!

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �(1� ⇥)g(dS(x,x

�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �
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dW

dS

g(·)

Embedding Analysis [B, Rane ’13a]

For all x,y in S:

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �

(1� ⇥)g(dS(x,x
�))� � 
dW(f(x), f(x�))

 (1 + ⇥)g(dS(x,x
�)) + �

g( ⋅ ) g(x + y) ≲ g(x) + g(y)No:          must be sub-additive (                         )

g( ⋅ )Can we achieve any distance map         ?
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y = h(Ax+w)

Embedding Design [B, Rane ’13b]

Q: Can we design embeddings?

A 2 RM⇥NA: Yes. We start with a random matrix             ,

h(t) = h(t+ 1)a periodic function

w 2 [0, 1)and random i.i.d., uniform dither

h(·) : HkFourier series coefficients of

h̄ = sup
t

h(t)� inf
t
h(t)Also, assume bounded:
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Distance Map

w 2 [0, 1) i.i.d, uniform

h(·) : HkFourier series coefficients of

h(t) = h(t+ 1) h̄ = sup
t

h(t)� inf
t
h(t)

A 2 RM⇥N i.i.d., Gaussian, variance σ2

Theorem (Embedding Design) [B, Rane ‘13b]

Consider a set S of Q points in RN , measured using y = h(Ax +w), with A, w,

and h(t) as above. With failure probability PF ⇥ 2Q2e�2M �2

h̄4 the following holds

g(⌅x� x0⌅2)� � ⇥ 1

M
⌅y � y0⌅22 ⇥ g(⌅x� x0⌅2) + �

for all pairs x,x0 ⇤ S and corresponding measurements y,y0.

1

Embedding-based Representation of Signal Distances
Petros T. Boufounos and Shantanu Rane

Mitsubishi Electric Research Laboratories
Cambridge, MA 02139, USA.
{petrosb,rane}@merl.com

Abstract—Traditional signal representation and coding theory is fo-

cused on how to most efficiently represent and encode a signal with

the goal of preserving it as best as possible. However, very often, the

processing only concerns specific information in the signal and does

not require conserving the signal itself. In this work we examine the

problem of representing signals such that some function of their distance

is preserved. For that goal, we consider randomized embeddings as a

representation mechanism and provide a framework to design them and

analyze their performance. This work generalizes previously developed

universal embeddings, already proven quite successful in practice.

Index Terms—distance representation, randomized embeddings

I. INTRODUCTION

S
IGNAL representation theory and practice has primarily focused
on how to best represent or code a signal incurring the smallest

possible distortion. For example, image or video representations
typically aim to minimize the distortion in the signal so that the visual
quality of the signal is maintained when displayed to a user. Quite
often, however, the user of a signal is not a human observer, but an
algorithm extracting information. In this case, the goal is different: the
representation should not destroy the information that the algorithm
requires, even if the signal itself cannot be completely recovered.

The representations examined in this paper target applications
in which only the information about the distance of one signal to
another, or a function of that distance is required. To represent dis-
tances, we exploit the distance-preserving properties of randomized
embeddings. Our approach generalizes well-known embeddings in a
manner than enables the design and control of the distance distortion.

An embedding is a transformation of a set of signals in a high-
dimensional space to a (typically) lower-dimensional space such
that some aspects of the geometry of the set are preserved. Thus,
computations requiring distance evaluations can be performed directly
using the embedding, rather than the signals themselves. The best
known embeddings are due to Johnson and Lindenstrauss, which
preserve `2 distances using a randomized linear map [1].

II. EMBEDDING DESIGN FOR RESPRESENTATION OF DISTANCES

In this work we consider a fairly general approach to design
embeddings that preserve distances of signals subject to a distance
map g(·). Such embeddings allow the design of representations and
coding schemes with control on the distortion in the distances, rather
than the distortion in the signals.

Specifically we examine embeddings of the form y = h(Ax +
w), where h(·) is a scalar function, applied element-wise to each
coefficient of its argument. We assume it is periodic with period
1, i.e., h(t) = h(t + 1), and has Fourier series denoted by Hk. It
is also bounded, with h̄ = supt h(t) � inft h(t). We assume the
rows, ai, of A are randomly chosen from a rotationally invariant
i.i.d. vector distribution and the elements of w are chosen from an
i.i.d. distribution uniform in [0, 1). Thus, any projection li = hai,xi
is a random variable which we assume only depends on the length
d = kxk2. We use �(⇠; d) to denote the characteristic function of this
random variable. For example, if elements of A are i.i.d. normally
distributed with variance �

2, then �N (�)(⇠; d) = e
� 1

2 (�d⇠)2 .

Under those assumptions, we define a distance map

g(d) = 2
X

k

|Hk|2(1� �(k; d)). (1)

which, in the special case of normally distributed a, becomes

g(d) = 2
X

k

|Hk|2
⇣
1� e

� 1
2 (�dk)2

⌘
. (2)

The embedding represents distances subject to this distance map, with
accuracy characterized by the following theorem.

Theorem 2.1: Consider a set S of Q points in RN , measured using
y = h(Ax + w), with A, w, and h(t) as above. With failure

probability PF  2Q2
e
�2M ✏2

h̄4 the following holds

g(kx� x0k2)� ✏  1
M

��y � y0��2

2
 g(kx� x0k2) + ✏ (3)

for all pairs x,x0 2 S and corresponding measurements y,y0.
If h(t) is Lipschitz continuous, Thm. 2.1 can be generalized to

arbitrary compact sets S, such as bounded sparse signals. With more
care we can allow for piecewise continuous h(t). This approach gen-
eralizes the results in [2], [3] and allows their extension from binary
embeddings of point clouds to multi-bit embeddings of compact sets.
Details are reserved for an extended version of this paper.

Although (3) characterizes the embedding ambiguity, this form
is not useful when representing or coding distances [4]. In such
applications, the goal is to estimate the true distance between signals,
given their representation, and characterize the estimate’s ambiguity.

Specifically, given the embedding distance de = ky�y0k22/M , the
signal distance kx�x0k2 can be estimated using bds = g

�1(de). The
uncertainty of this estimate is approximately equal to ✏/g

0(ds), i.e.,
inversely proportional to g

0(·), the slope of g(·). Thus, the steepest
parts of the distance map preserve distances best, while flatter parts
introduce more ambiguity. Note that scaling h(·) also affects the ratio
✏
2
/h̄

4 in the probability PF with which the embedding fails. To keep
this probability constant when scaling h(·), ✏ will scale accordingly
and, therefore, the ambiguity will remain constant.

The ability to control the error and the ambiguity is integral to the
function of a representation. Scalar quantizers, for example, are often
non-uniform in order to better accommodate the signal statistics or
the distortion that users tolerate at different signal values. Similarly,
by manipulating the slope of g(·) it is possible to adjust the distortion
of the distance representation and make it distance-dependent.
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Resulting distance map: 

Can be relaxed… 
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Example: Universal Quantization

… …

0
1 2 3-1-2-3 y

Q(y)

1

1 2 3

-1-2-3
y

Q(y)

1
2
3

-4

4

… …

qm = Q

✓
hx,ami+ wm

�m

◆
, q = Q(��1(Ax+w))

y = h(Ax+w)

Quantizer design fits the analysis framework
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g(d) =
1
2
�

+��

i=0

e
�

“
�(2i+1)⇥d�

2�

”2

�
�

�
i + 1

2

��2

g(d)� �  dH (f(x)� f(y))  g(d) + �

Embedding Properties [B, Rane ’13a]

f (x)
Original space


Distance metric: "2

P points in !N 

Embedding space

Embed in {0,1}M


Hamming distance

M=O(logP) dimensions

For all x,y in S:

S⊂!N W⊂!M
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ed = g�1 (dH (f(x), f(y)))

ed� �

g0(ed)
. d . ed+ �

g0(ed)

Error Behavior [B, Rane ’13a]

Properties (slope) controlled by choice of Δ

Distance estimate:

Estimate ambiguity:

g(d)� �  dH (f(x)� f(y))  g(d) + �

! reduce Δ
g(d) =

1
2
�

+��

i=0

e
�

“
�(2i+1)⇥d�

2�

”2

�
�

�
i + 1

2

��2

0.5

g(d) 
r

2

⇡

�d

�

g(d)  0.5

D0
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Other Examples

0.0 0.5 1.0 1.5 2.0
t

°1

0

1

h
(t

)

0.0 0.5 1.0 1.5 2.0
t

°1

0

1

0.0 0.5 1.0 1.5 2.0
Signal `2 Distances

(a) Continuous Embedding
h(t) = 1p
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(b) Quantized Embedding
h(t) = 1

2 (sign(sin(2ºt)) + sign(sin(20ºt)))
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1.0

æ = 0.2

æ = 0.5
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Example Distance Ambiguity
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g(d) + ✏

g(d)� ✏
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g�1(d0W) g�1(dW)
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Embedding Design: Comments

• Can this design achieve all possible g()?

– Probably not! e.g., cannot use it for g(d)=d. General design still open problem.


• Quantization analysis from first part still applicable

– In many cases, however, we can directly analyze a periodic quantized h()


• Theorem for embedding of point clouds; can easily extend to infinite bounded sets 

– E.g., manifolds, bounded sparse signals, etc.


• Using different pdf to generate A provides more flexibility


– E.g., if drawn from Cauchy distribution, the embedding preserves "1 distance into "2 


– More generally, α-stable distributions can be used to embed arbitrary "p into "2

Original space

Distance metric: dS

Embedding space

Embed in W


Distance metric: dW

S⊂!N W⊂!Mf (x)

g(dS(x,x
0)) ⇡ dW(f(x), f(x0))
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EMBEDDINGS AND ALTERNATIVE METRICS

• "1 Distances

• Angles/Inner Products

• Kernel Inner Products

• Lsh And Near Neighbors

• Classification




EMBEDDINGS AND ALTERNATIVE METRICS

• "1 Distances

• Angles/Inner Products

• Kernel Inner Products

• Lsh And Near Neighbors

• Classification




"1 Distance Embedding

f (x)

Is a J-L style "1 embedding possible (i.e., g(d)=d)? 

Generally NO! [Brinkman and Charikar ’05]


Existing constructions: 

looser guarantees on one side; error additive, not multiplicative [Indyk ’00]

Original space

Distance metric: "1


P points in !N 

Embedding space

Embed in !M


Distance metric: "1

S⊂!N V⊂!M

However, in some cases we can trick it


Approach: Map "1 to "2 and use "2 embeddings

*Note: embedding design from previous section can also be used to map "1 to "2, but cannot implement g(d)=d   



|xn � x0
n| = ⇤exn � ex0

n⇤22 ⇥ ⇤x� x0⇤1 = ⇤ex� ex0⇤22

x �! ex

"1 Distance Preservation

Assumption: integer (discrete) entries, bounded by L

1

N

1

L

(N-1)L+1

NL

...
Solution: perform L-times dimension expansion 

Each coefficient xn expanded to L dimensions:

sequence of xn ones followed by L-xn zeros

xn �! exn

0
0
1
1
1

1

L

3

x0
n �! ex0

n

0
0
0
0
1

1

L

1

Is dimensionality expansion a problem? 

No if J-L is used! M=O(log P), no dependence on N, or L 126



Other Distances

• General strategy: map original distance to a space we know how to deal with

– Often followed by a second (J-L style) dimensionality reduction in this space


• For the Edit Distance, Earth Mover’s Distance (EMD), Shift metric: 


– Typical constructions map to "1 [Charikar et al. ’02, ’04,’06; Ostrovsky, Rabani ’05; Cormode, Mutukrishnan 
’07; Andoni et al. ’07;…]


– May use "1→"2 mapping subsequently

f (x)
Original space


Distance metric: dS
Embedding space


Embed in W

Distance metric: dW
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Other Spaces And Functions

• Dynamical Systems and Tucken Embeddings [Eftekhari et al. ’17]

– Embeddings that preserve information about the trajectory of a dynamical 

system

– Embeddings preserve attractors of the dynamical system

– Key result: delay-coordinate map (i.e., time samples of some states of the 

dynamical system for a fixed time window) 

f (x)
Original space


Distance metric: dS
Embedding space


Embed in W

Distance metric: dW
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EMBEDDINGS AND ALTERNATIVE METRICS

• "1 Distances

• Angles/Inner Products

• Kernel Inner Products

• Lsh And Near Neighbors

• Classification




Angle/Inner Product Embeddings
If distances are preserved, we expect angles to be preserved as well!

x

x′￼

x − x′￼
∥x − x′￼∥2

2 = ∥x∥2
2 + ∥x′￼∥2

2 − 2⟨x, x′￼⟩

θ d∠(x, x′￼) :=
1
π

θ =
1
π

arccos
⟨x, x′￼⟩

∥x∥2∥x′￼∥2

Given a J-L embedding, w/ ambiguity δ, can easily show
⟨ f(x), f(x′￼)⟩ − ⟨x, x′￼⟩ ≤ δ (∥x∥2

2 + ∥x′￼∥2
2)

With a  bit more care:

[Davenport, B, Wakin, Baraniuk ’10]

⟨ f(x), f(x′￼)⟩ − ⟨x, x′￼⟩ ≤ δ∥x∥2∥x′￼∥2

If x, x’ are sparse and have the same support (JL#RIP):

1 − 3δ ≤
d∠ (f(x), f(x′￼))

d∠ (x, x′￼)
≤ 1 + 3δ

[Haupt, Nowak ’07]

130



Recall: Binary Stable Embedding

Original space

Distance metric: angle 


(normalized inner product)
Embedding space


Embed in {0,1}M


Distance metric: normalized 
hamming distance


 

S⊂!N V⊂{0,1}M

For all K-sparse x, x’ in !N:

d∠(x, x′￼) =
1
π

arccos
⟨x, x′￼⟩

∥x∥2∥x′￼∥2

f(x) = sign(Ax)

d∠ (x, x′￼) − δ ≤ dH (f(x), f(x′￼)) ≤ d∠ (x, x′￼) − δ

using                                                       measurementsM = O ( 1
δ2 (K log N + K log

1
δ ))

Binary Stable Embeddings are angle embeddings
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Phase Instead of Sign [B ’13]

Main idea: phase in ℂ generalizes sign in ℝ

Q: How to obtain phase from real signals?

A: Measure with complex measurement matrix

A ∈ ℂM×N, z = Ax, y = ∠(z) = ∠(Ax)
If A random, i.i.d. complex normal, phase difference preserves angles

E

⇢����\
✓
zm
z0m

◆����

�
= E

n���\
⇣
ei(ym�y0

m)
⌘���
o
= �d\(x,x0)

1
M ∑

m

1
π

∠(e1(ym−y′￼m) − d∠(x, x′￼) ≤ δ

Bottom line: Phase preserves angles, like signs do!

(with similar additive ambiguity)

Resulting embedding guarantee:

using O(log L) or O(KlogN/K) measurements
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Quantization

A i.i.d. Gausian ⇒ phase unformly distributed: ym ⇠ U(0, 2�)

Optimal scalar quantizer uniform, finite range: � =
⇡

2B�1
(using B bits per measurement)

A ∈ ℂM×N, z = Ax, y = ∠(z) = ∠(Ax)

�����
1

M

X

m

����
1

⇥
\
⇣
ei(ym�y0

m)
⌘����� d\(x,x0)

�����  �+ 2�B+1⇥

A ∈ ℂM×N, z = Ax, y = Q (∠(z)) = Q (∠(Ax))⟹

Total rate R=MB using M measurements
Trade-off embedding error             vs.            quantization error

� = O

✓
1p
M

◆
� = O

�
2�B

�
= O

⇣
2�

1
M

⌘
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Comparison w/ BeSE
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Binary embedding
Angle embedding
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Angle embedding

N=1024, M=32 N=1024, M=256

Phase Angle Embedding is tighter (as expected: it is analog)

For smaller angles, tighter embedding (suggests theory gap) 
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Quantization Effects
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Quantization Effects
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Quantization Effects
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Binary embedding
Angle embedding
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Benefit of increasing B is marginal
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(Shift-Invariant) Inner Product Kernels [B, Mansour, Rane ’16]

Can embeddings preserve kernel inner products? K(x, x′￼) = ⟨ϕ(x), ϕ(x′￼)⟩

Special case: h(t)=cos(t) ➝ Random Fourier Features 

(first instance of Kernel inner product embeddings)


[Rahimi, Recht ’07]

Yes. Using the same design as before  

Let f(x) = h(Ax+ e) as before, with y = f(x). The kernel function

K(x,x0) =
1

2M
yTy0 (1)

is shift invariant and approximates the radial basis function

K(x,x0) ⇡ 1

2
� g (kx� x0k2) , (2)

with g(d), as before.
<latexit sha1_base64="R/msNMQF1tE7ln8MNCOI5w77OHQ="></latexit><latexit sha1_base64="R/msNMQF1tE7ln8MNCOI5w77OHQ="></latexit><latexit sha1_base64="R/msNMQF1tE7ln8MNCOI5w77OHQ="></latexit><latexit sha1_base64="R/msNMQF1tE7ln8MNCOI5w77OHQ="></latexit>

In other words: computing the standard inner product of the embedding is 
equivalent to computing the Kernel inner product on the data.
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EMBEDDINGS AND ALTERNATIVE METRICS

• "1 Distances

• Angles/Inner Products

• Kernel Inner Products

• Lsh And Near Neighbors

• Classification




Locality Sensitive Hashing (LSH) [Indyk, Motwani ’98]

• Goal: Speeding up Nearest Neighbor Search


• Idea: each signal in the space, compute a binary quantity with few bits, i.e., a “hash”


• Typical language in this literature: signals are hashed into “buckets”

– When looking for near neighbors of a signal, compute it’s hash and look only in that bucket


• If two signals have the same hash, then they are similar with high probability

– The guarantee only goes one way: two signals might be similar but have very different 

hashes. On the other hand, if they have the same hash they probably they are similar.

– Hash “distance” may not have any meaning

– Might not find nearest neighbor, but will find a near one (approximate nearest neighbors)

f (x)
Original space


Distance metric: "2

P points in !N 

Embedding space

Embed in {0,1}M


Small M

Discrete space 

With High 

Probability (whp)
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Locality Sensitive Hashing [Indyk, Motwani, Andoni, et al]

Randomized signal hash f:!N →$ such that:


d(x,y) ≤ r ⇒ f(x) = f(y) with high probability

d(x,y) ≥ cr ⇒ f(x) ≠ f(y) with high probability


No guarantee for r ≤ d(x,y) ≤ cr

…1 2 3 B

x y
y'

r

f(y')
f(y)

f(x)

cr 
Simplest (and most popular) approach 

f(x) = sign(Ax)


• Not optimal hash, but simple to compute

• Optimal LSH based on Leech lattice


• Assumes normalized signals

• Happens to also provide more information

• Based on BeSE guarantees: embeds angles 

into Hamming distance

• However, embedding not very accurate (very 

few measurements)

Algorithm: 

• Preparation: Hash all your signals into buckets. 
Each bucket has a list of signal with this hash


• Execution: Given signal x and it’s hash, 
determine corresponding bucket. Signals in that 
bucket are approximate near neighbors of x.
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EMBEDDINGS AND ALTERNATIVE METRICS

• "1 Distances

• Angles/Inner Products

• Kernel Inner Products

• Lsh And Near Neighbors

• Classification


142



Classification

Original space

Distance metric: "2


P points in !N


Linearly separable

Embedding space

Distance metric: "2


Points still linearly separable

S⊂!N V⊂!M

• Goal: Dimensionality reduction that respects linear boundaries/classification


• Main approach: Random projections, i.e., JL-style embeddings


• Fundamental Question: Given the geometry and separation of clusters, how much can we 
reduce dimension?


– Secondary question: Can we quantize the projection and still preserve linear separability?
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Linear Classification Big Picture

K ⇢ Rn dataset
Ci ⇢ K classes, i = 1, 2, . . .

C1

Separating hyperplane

K

Classify[C1 [ C2]

(e.g., LDA, SVM, PCA, 

K-Means, K-NN, …)

C2
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C2
C1

A(C1)

A(C2)

A

A

m dim
ensi

ons
y = A(x)

A

A(C1)

y = A(x)

C1
C2

A(C2)

A

A
A

m dimensions

Linear Separability After Embedding
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The (Linear) Rare Eclipse Problem

Let C1, C2 ⇢ Rn : C1 \ C2 = ; be closed convex sets, �⇠Nm⇥n(0, 1).
Given ⌘ 2 (0, 1), find the smallest m so that

p0 := P�[�C1 \�C2 = ;] � 1� ⌘.

Problem (Rare Eclipse Problem (Bandeira et al. ’14)).

�

�� �

Bandeira, Mixon, Recht ’14 [BMR ’14]
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Given ⌘ 2 (0, 1), if m &
�
w\ +

q
2 log 1⌘

�2
+ 1 then p0 � 1� ⌘.

Proposition (Corollary 3.1 in BMR ’14).

BMR ’14: “Gordon’s escape through a mesh” theorem

m & r2

kck2n)

>

kck

r1

(& really tight [Amelunxen et al, 13])

The (Linear) Rare Eclipse Problem

Example:

C�

R+C�
kc
k

r = r1 + r2

)

w2
 = “dimension” of C 

C1
r2

C2  

 

 

Bandeira, Mixon, Recht ’14 [BMR ’14]

C := C1 � C2

. r2

kck2n
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A(x) := Q(�x+ ⇠)

A(C1)

C1

A(C2)

C2

Rn

�Zm

C1, C2, m and � such that

P[A(C1) \ A(C2) = ;] > 1� ⌘ ?

Quantization: The Rare Eclipse Problem “on Tiles”

with � Gaussian random matrix,
Q(�) = �b�

� c, ⇠i ⇠ U([0, �]).

Idea: use the QRIP, i.e.,

= 1
M�kA(x1)� A(x2)k1 ⇡ kx1 � x2k

w.h.p.
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Provided

m &
⇣
w2

\ + n �2

�2

⌘ �
1 + log

�
1 + rm

�n

�
+ w�2

\ log 1
⌘

�
,

we have
P[A(C1) \ A(C2) = ;] > 1� ⌘.

linear linearproof artifact?quantiz.

Example:

Given � := minz2C� kzk and w\ = w((R+C�) \ Sn�1).

kck
r2

r1C1

C2

A(C1) A(C2)

�

) m & ( r2

kck2 + �2

(kck�r)2 )n

Note: � > � is allowed (dithering e↵ect!)

Note bis: m > n not specially bad (�Zm).

The Rare Eclipse Problem “on Tiles”
• Combining (P1), (P2) and (P3) (+ massage) gives

 

  

 

149



Simulations: Digit dataset (from scikit learn)

10 handwritten digits, 8x8 pixels (n=64), samples/class ≃ 12. 

Training/Test sets = 50%/50%. 

Classification: 5-NN Classifier.

Try some code out here: github.com/VC86/MLSPbox 

� = min
i,j:i 6=j

min
u2Ci,v2Cj

ku� vk

� = 1
4�

� = 0 (linear)

� = �

PCA

(' 3 bits/meas.)

(' 5 bits/meas.)

(14 bits/meas.)

(14 bits/meas.)
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LEARNING EMBEDDINGS



Embedding Learning Objectives [Hegde et. al. ’15], [Sadeghian et. al. ’13]

• General objective: learn f(x) to optimize embedding aspects from sample data

– Mostly to reduce the dimension M


• Very general problem

– What distance metrics to consider?

– What functions to restrict it to?

– Is it possible to learn selective distortions?


• Today: J-L style embeddings

– Linear embeddings (i.e., f(x)=Ax)


– "2 distance metric

– Some discussion on selective distortion


• Note: in the deep learning/ artificial neural networks literature the term “embedding learning” is 
very commonly used. This is a quite imprecise qualitative use of the term. To our knowledge 
there is no work establishing guarantees in preserving geometric aspects of the original space.

Original space

Distance metric: dS

Embedding space

Embed in W


Distance metric: dW

S⊂!N W⊂!Mf (x)
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Embedding Learning Preparation

Original space

Distance metric: "2

Embedding space

Embed in W


Distance metric: "2

S⊂!N W⊂!Mf(x) = Ax

Training set:
ℒ = {xi ∈ ℝN, i = 1,…, L}

Secant set: 


(normalized differences of all pairs)

𝒮 = {vij =
xi − xj

∥xi − xj∥2
, xi, xj ∈ ℒ}

Key realization: Preserving distances in training set is 
equivalent to preserving norms of the secant set:

Axi − Axj
2

2
− xi − xj

2

2
≤ δ xi − xj

2

2

⟺

Avij
2

2
− vij

2

2
≤ δ

equal to 1 by construction
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Embedding Learning Objectives

Optimization:

• Embedding accuracy δ (should be small)

• Dimension of A = rank(A) = rank(P) = M (should also be small)

• Different formulations lead to different optimization problems


– Fix rank and optimize δ, or fix δ and optimize rank

S⊂!N W⊂!Mf(x) = Ax Training set:
ℒ = {xi ∈ ℝN, i = 1,…, L}

Secant set: 


(normalized differences of all pairs)

𝒮 = {vij =
xi − xj

∥xi − xj∥2
, xi, xj ∈ ℒ}

Avij
2

2
− vij

2

2
≤ δ ⟺ Avij

2

2
− 1 ≤ δ

Learning: Find A that satisfies

Trick:                                              , 
where                   is symmetric positive semi-definite, and                               . 


Given v,           is linear in P

∥Av∥2
2 = vTATAv = vTPv

P = ATA rank(P) = rank(A)
vTPv
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Embedding Learning Objectives

S⊂!N W⊂!Mf(x) = Ax Training set:
ℒ = {xi ∈ ℝN, i = 1,…, L}

Secant set: 


(normalized differences of all pairs)

𝒮 = {vij =
xi − xj

∥xi − xj∥2
, xi, xj ∈ ℒ}

Av
2
2 − 1 ≤ δ ⟺ vTPv − 1 ≤ δ, P = PT ≽ 0
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2.4 Learning the Embedding Map

A key advantage of the embeddings described above is their universality and the
simplicity in computing them. However, it is often advantageous to tune the embed-
ding to an application using available training data. The main assumption is that the
training data is representative of the data to be observed by the application; tuning
the embedding to the data should provide an embedding that performs well on all
future data on which the embedding will be used.

Inspired by the JL lemma, recent work [31,54] demonstrates that given a set of L
points S = {xi 2RN , i = 1, . . . ,L} as training data, it is possible to formulate a con-
vex optimization problem and determine a linear embedding map, f (x) = Ax, that
preserves the squared Euclidean distance. The resulting map provides a (gI ,d ,0)
embedding. The problem can be formulated to either minimize the dimensionality
of the embedding space under a fixed multiplicative distortion d or minimize the
distortion given a fixed embedding dimensionality.

In formulating the problem, the objects of interest are not the signals xi but their
differences xi � x j. Thanks to the linearity of the map, to guarantee a 1 ± d mul-
tiplicative ambiguity it is sufficient to guarantee a d distortion of the normalized
difference xi�x j

kxi�x jk2
. Thus, the formulation starts with the secant set

X =

⇢
vi j =

xi �x j

kxi �x jk2
, xi,x j 2 S , i 6= j

�
(11)

The map f (x) = Ax satisfies the guarantee for all vi j 2 X if
��kAvi jk2

2 �kvi jk2
2
��  d , (12)

where, by construction, kvi jk2
2 = 1 for all i, j.

The squared norm can be expressed as a quadratic form kAvi jk2
2 = vT

i jAT Avi j

which is linear in P = AT A. Furthermore, if A 2 RM⇥N , then P, which is positive
semidefinite, has rank(P) = M. Thus, the P corresponding to the embedding that
satisfies (12) for all pairs i 6= j with the minimum number of measurements can be
found using the following optimization [31]:

bP =arg min
PT =P⌫0

rank(P) (13)

subject to |vT
i jPvi j �1|  d for all i 6= j.

This is a non-convex and combinatorially complex program. To solve it, [31] pro-
poses the relaxation of the rank using the nuclear norm, which results in the follow-
ing polynomial-time semidefinite program:

bP =arg min
PT =P⌫0

kPk⇤ (14)

subject to |vT
i jPvi j �1|  d for all i 6= j.

Ideal Optimization Problem

Embedding-based Representation of Signal Geometry 9

2.4 Learning the Embedding Map

A key advantage of the embeddings described above is their universality and the
simplicity in computing them. However, it is often advantageous to tune the embed-
ding to an application using available training data. The main assumption is that the
training data is representative of the data to be observed by the application; tuning
the embedding to the data should provide an embedding that performs well on all
future data on which the embedding will be used.

Inspired by the JL lemma, recent work [31,54] demonstrates that given a set of L
points S = {xi 2RN , i = 1, . . . ,L} as training data, it is possible to formulate a con-
vex optimization problem and determine a linear embedding map, f (x) = Ax, that
preserves the squared Euclidean distance. The resulting map provides a (gI ,d ,0)
embedding. The problem can be formulated to either minimize the dimensionality
of the embedding space under a fixed multiplicative distortion d or minimize the
distortion given a fixed embedding dimensionality.

In formulating the problem, the objects of interest are not the signals xi but their
differences xi � x j. Thanks to the linearity of the map, to guarantee a 1 ± d mul-
tiplicative ambiguity it is sufficient to guarantee a d distortion of the normalized
difference xi�x j

kxi�x jk2
. Thus, the formulation starts with the secant set

X =

⇢
vi j =

xi �x j

kxi �x jk2
, xi,x j 2 S , i 6= j

�
(11)

The map f (x) = Ax satisfies the guarantee for all vi j 2 X if
��kAvi jk2

2 �kvi jk2
2
��  d , (12)

where, by construction, kvi jk2
2 = 1 for all i, j.

The squared norm can be expressed as a quadratic form kAvi jk2
2 = vT

i jAT Avi j

which is linear in P = AT A. Furthermore, if A 2 RM⇥N , then P, which is positive
semidefinite, has rank(P) = M. Thus, the P corresponding to the embedding that
satisfies (12) for all pairs i 6= j with the minimum number of measurements can be
found using the following optimization [31]:

bP =arg min
PT =P⌫0

rank(P) (13)

subject to |vT
i jPvi j �1|  d for all i 6= j.

This is a non-convex and combinatorially complex program. To solve it, [31] pro-
poses the relaxation of the rank using the nuclear norm, which results in the follow-
ing polynomial-time semidefinite program:

bP =arg min
PT =P⌫0

kPk⇤ (14)

subject to |vT
i jPvi j �1|  d for all i 6= j.

Convex    relaxation 

Alternative formulation
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Alternatively, [54] modifies the formulation to determine the optimal d using a
fixed number of measurements M, also adding an energy constraint on the coeffi-
cients of the matrix A. The resulting problem constrains both the rank and the trace
norm of P.

bP =arg min
PT =P⌫0

max
i6= j

|vT
i jPvi j �1| (15)

subject to rank(P)  M and kPk⇤  b, (16)

where b is the energy constraint. Using a game-theoretic formulation, [54] also de-
rives an algorithm to solve (16) with performance guarantees. It is also shown that
the performance of the embedding can be guaranteed on new data, similar to the
training set, using a continuity argument similar to the one in [10].

As mentioned in Sec. 2.3, a notion of semantic locality is also introduced in [31],
in the context of classification. In particular, for elements i and j from the training
data that belong in the same class, the embedding should guarantee that their dis-
tances do not increase significantly but does not need to limit how much they may
shrink. On the other hand if elements i and j belong to different classes, the embed-
ding should guarantee that their distances do not shrink significantly but may allow
them to grow unconstrained. Under those conditions, the embedding guarantees that
each cluster stays together, even though two different clusters may separate from
each other. Thus, classification is still possible in the embedded data. The resulting
optimization is less constrained than (15).

bP = arg min
PT =P⌫0

kPk⇤ (17)

subject to vT
i jPvi j � 1�d for all i 6= j in different classes.

vT
i jPvi j  1+d for all i 6= j in the same class.

In all the formulations above, A can be determined from bP using a simple
factorization. For example, the economy-sized singular value decomposition is
bP = USSSUT , where U 2 RN⇥M has orthonormal columns and SSS 2 RM⇥M is diag-
onal. The embedding can be computed using bA = SSS 1/2UT .

3 Preserving Inner Products, Angles, and Correlations

The embeddings discussed in the previous section are designed to preserve distances
between signals in the embedding space. However, in a number of problems, inner
products and correlations should be preserved instead. In this section we consider
how distance embeddings can be used to preserve regular inner products and kernel
inner products, as well as how binary and phase embeddings can be used to preserve
normalized correlations, i.e., angles, without preserving distances.

δ

Final Step 
Obtain Α using the SVD of P

̂P = UΣUT

⟹ A = Σ1/2UT
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Embedding Learning Objectives

S⊂!N W⊂!Mf(x) = Ax Training set:
ℒ = {xi ∈ ℝN, i = 1,…, L}

Secant set: 


(normalized differences of all pairs)

𝒮 = {vij =
xi − xj

∥xi − xj∥2
, xi, xj ∈ ℒ}

Av
2
2 − 1 ≤ δ ⟺ vTPv − 1 ≤ δ, P = PT ≽ 0

Generalization:

• Embedding accuracy δ holds only for training sample

• For signals similar to the ones in the training set, guarantee can be generalized


– Exploits continuity of the linear embedding map

For any z s.t.                            for all x in the training set,

resulting isometry bound is [Sadeghian et. al. ’13]

∥z − x∥2 ≤ ϵ∥x2∥

δ̄ ≤
δ + ϵ
1 − ϵ
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Learning Embeddings For Classification [Hegde et. al. ’15]

S⊂!N W⊂!Mf(x) = Ax Training set:


+ class labels for each xi

ℒ = {xi ∈ ℝN, i = 1,…, L}

Secant set: 


(normalized differences of all pairs)

𝒮 = {vij =
xi − xj

∥xi − xj∥2
, xi, xj ∈ ℒ}

Intuition:  
If xi, xj in the same class, we should not let their distance increase much


(but ok if they come closer to each other)


If xi, xj in different class, we should not let their distance decrease much

(but ok if they go farther from each other)
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Alternatively, [54] modifies the formulation to determine the optimal d using a
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max
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where b is the energy constraint. Using a game-theoretic formulation, [54] also de-
rives an algorithm to solve (16) with performance guarantees. It is also shown that
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training set, using a continuity argument similar to the one in [10].

As mentioned in Sec. 2.3, a notion of semantic locality is also introduced in [31],
in the context of classification. In particular, for elements i and j from the training
data that belong in the same class, the embedding should guarantee that their dis-
tances do not increase significantly but does not need to limit how much they may
shrink. On the other hand if elements i and j belong to different classes, the embed-
ding should guarantee that their distances do not shrink significantly but may allow
them to grow unconstrained. Under those conditions, the embedding guarantees that
each cluster stays together, even though two different clusters may separate from
each other. Thus, classification is still possible in the embedded data. The resulting
optimization is less constrained than (15).

bP = arg min
PT =P⌫0

kPk⇤ (17)

subject to vT
i jPvi j � 1�d for all i 6= j in different classes.

vT
i jPvi j  1+d for all i 6= j in the same class.

In all the formulations above, A can be determined from bP using a simple
factorization. For example, the economy-sized singular value decomposition is
bP = USSSUT , where U 2 RN⇥M has orthonormal columns and SSS 2 RM⇥M is diag-
onal. The embedding can be computed using bA = SSS 1/2UT .

3 Preserving Inner Products, Angles, and Correlations

The embeddings discussed in the previous section are designed to preserve distances
between signals in the embedding space. However, in a number of problems, inner
products and correlations should be preserved instead. In this section we consider
how distance embeddings can be used to preserve regular inner products and kernel
inner products, as well as how binary and phase embeddings can be used to preserve
normalized correlations, i.e., angles, without preserving distances.

Resulting Optimization:
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Recap
2. Fundamentals of embeddings and embedology


• Dimensionality reduction method

• Main goal: preserves distances

• Typical approach: randomization


3. Quantized embeddings

• Quantization does not hurt that much

• Careful quantization design can serve as a compression approach


4. Embedding Design

• It is possible to design embeddings for selective distortions

• Optimal embeddings are not known


5. Embeddings of Alternative Metrics

• We can embed distances, angles, kernels, or anything else you might like

• Hashing approaches can speed up computation (also have connections with quantized 

embeddings)

• Embeddings can be designed to preserve some property (e.g. separation of classes)


6. Learning Embeddings

• Of course it is possible to learn embeddings from data

• Simple optimization problem

• Carefully setting up the optimization allows for out-of-sample guarantees. 

7.
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Conclusions

• Dimensionality reduction is a very rich a rich subject

– Embeddings is just a small part


• Randomized embeddings provide “universal” approach to dimensionality reduction

– Sometimes not the most efficient approach if the objective is strictly to reduce 

the number of dimensions

– However, they provide computational advantages as they don’t depend on the 

data to design

– A number of data-dependent dimensionality reduction techniques (e.g., PCA) 

make explicit or implicit assumptions on the data in order to provide guarantees

– Randomization offers significant theoretical advantages and allows for strong 

guarantees, irrespective of the dataset

Original space

Distance metric: dS

Embedding space

Embed in W


Distance metric: dW

S⊂!N W⊂!Mf (x)
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Toolkits?
• Most Embedding computation is trivial


– Matlab:

A=randn[M,N];

y=A*x;


– Python:

import numpy as np

import numpy.random as rnd

A = rnd.randn(M,N)

y = A.dot(x)


• For that reason, not many toolkits exist for randomized embeddings

– Some


• LSH is a bit more intricate

– Need to keep track of hashing tables efficiently

– Most toolkits focus on that; the hashing part is also trivial to implement


– There are several hashing approaches, with different advantages/
disadvantages


– Several tools to keep track of (http://ann-benchmarks.com provides 
benchmarking and a list of a number of popular libraries)
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Open Problems
• Overall, there has been a flurry of theory recently


– Still there are quite a few research avenues

• Generally the question of embedding design is not well understood


– What are desirable embedding properties for each application?

– Is there a general embedding map that can implement arbitrary 

distortions?

– What is the optimal embedding design given a desired distortion?


• Quantization and LSH

– There is a strong connection between embedding quantization and LSH

– This connection has not been explored


• Learning embeddings

– Very little work in the area

– Can we learn non-linear embeddings?

– Can we learn quantized embeddings?

– Can we learn embeddings for other distances and/or distance maps?


• Neural Networks/Deep Learning

– What are Deep Networks embedding?

– What kind of theoretical guarantees can we provide?
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Thank you for your attention. 
Questions?

More info and resources:

boufounos.com/embeddings


petros@boufounos.com                   laurent.jacques@uclouvain.be 
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