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Brief introduction



The multiple use of random projections in “data science”

Object A Random projection
“x” > y = A(x)
| signal smaller dimension
audio  yolume distinctive

measure compressed

Random “projections" are ubiquitous in:
Data mining & dimensionality reduction techniques
Sensing and imaging methods (optics, astronomy, ...)
Machine learning (sketching, explicit kernel, initialization, ...)

Randomized numerical methods



Johnson-Lindenstrauss lemma (1984)

Johnson & Lindenstrauss

(w.h.p. =

o ',I;J H with high probability)



Embedding of sparse vectors / signals

Two K-sparse signals @, @’ € Y = {u : ||ullg ;= |suppu| < K}

For many random M x N matrices ® (e.g., Gaussian, Bernoulli, structured)
and “M 2 Klog(N/K)”, with high probability,

Geometry of ®(X k)
~ (Geometry of X

br~dxr =x~x

observations true signals




Embedding of low-complexity “objects”

Two low-complexity signals @, ' € K (e, low-rank data £

For many random M x NN matrices ® (e.g., Gaussian, Bernoulli, structured)
and “M = Cx”, with high probability,

low- lexi
Geometry of ®(K) ow-complexity set
~ Geometry of K P Q
\ v A
bxr ~ bxr’ ©xxa K
observations true signals N

with Cx = a dimension of K (e.g., Gaussian width)



Compressive sensing...

M questions Sensing method  Object

Y P €T

Low-complexity

object x

(e.g., sparse,

low-rank, ...)

Generalized linear sensing!

T .
i = (@i, L) =@ @ 1<i<M
e.g., to be realized optically /analogically N

Generalized (non-linear) reconstruction

with regularized optimisation, greedy /iterative algorithms, ...



Structured random projections

Challenge: dense matrices @ not optimal for:
memory and computational complexity

physically friendly implementation

sensing higher dimensional objects

Solution: simpler, structured projections based on

Fourier (FFT) or Hadamard matrices

random subsampling
& modulation

_>¢




Rank-one projections

Objects to project = symmetric n X n matrices X

Projection with m random vectors {a;};_; C R™ (e.g, Gavssian)

A: X eRV" = y:=AX):=(a;Xa; )] €R™

rank_or\e (aj a;'_ ,X> F

+ extension to higher dimensional objects (tensors)

For |OW—Comp|eXity matrices (e.g., low-rank, Toeplitz, sparse, ...)

we can recover X from y with regularized optimization

+ error bounds and theoretical guarantees

% Chen & Goldsmith (2015) [& Cai & Zhang (2015)



Rank-one projections

Applications:

phase retrieval: intensity ¥

measurement
z = o) = pi(zz”)e,

e.g., X-ray imaging, ptychography, ...

covariance estimation: {:Bk}é-vzl C R" with Exyzx, =X

— estimate X from A(% >, TrTr) = & D4 [(a;wk)z];';l

“(AiBj)2”

and others (see later)

% Chen & Goldsmith (2015) [§ Cai & Zhang (2015)
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Lensless interferometry & ROP

A

O. Leblanc* L. Jacques* M. Hoferf H. Rigneaultt S. Sivankutty#

*. ISPGroup, INMA, UCLouvain, Belgium.  T: Institut Fresnel, France. +: PhLAM, France.



How to see neurons firing?

10" mm

c
S 0
5 10" mm
S
n
L
=
S 10%um
(O
2 Current performances
X c o o
s of molecular imaging devices
10' ym
Coll size “Lensless endoscopy”
100:“\1@ ............. ;
Power 10%pum 10° cm 10" cm no limit

Consumption?

Max. depth (from skull)

(*: here for small animals)

4 Rudin, M., & Weissleder, R. (2003). Molecular imaging in drug discovery and development. Nature

reviews Drug discovery, 2(2), 123-131. ,
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Lensless endoscopy: focused mode

Fermat’s spiral

2-D Section

Laser

' e Single pixel detector —

Multicore

® ®

Wavefront  Optics optical fiber : _ ®
shaper (MCF) " :

+ Mirror Imaged o -

galvanometers

(biological)
K sample

Fluorescence signal Aei
Highlighted point B =

Sensing Technique
- ~

A
°
! ¢
°
TX 5

beamforming

B

Biological
f sample
50 um —_—
Raster Scanning

2 Andresen et al., 2016. [ Sivankutty et al., 2018. (RS)
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Lensless endoscopy: focused mode

Laser P Single pixel detector

oy, Multicore
Wavefront  Optics L optical fiber
shaper | ’ (MCF)
+ Mirror
galvanometers Imaged Fluorescence signal
Highlighted point

(biological)
K sample

50 um

% Andresen et al., 2016. [§ Sivankutty et al., 2018.

Fermat’s spiral

2-D Section

Raster Scanning
(RS)
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Lensless endoscopy: focused mode

Laser ﬁ Single pixel deteCtor/ \

Fermat’s spiral

2-D Section ik

Yy, Multicore
Wavefront  Optics oy optical fiber
shaper | (MCF)

al\;a,r\lﬂti)rr:\Oerte rs Imaged
; (biological)
sample

Fluorescence signal
Highlighted point

Sensing model Direct Imaging

(+ possible deconvolution)
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A closer look to sensing model

Back to the model... q;

MCF

N> @‘

| aser W SEZM ‘

A W Optics W @'
q /

1\ J
a=(a, - ,ag) @ cores located on

Q= {Qj}?zl

SLM configuration

d

W

N '.'t.\ "1
f Speckle

P
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A closer look to sensing model

Back to the model...

N> SECM
Vv Optics
a=(a, - ,ag) @ cores located on
SLM configuration O = {qj}Q_ Speckle
\\‘ Pa

Single photodetector

L Yo X / ) f(x) d*z = (pa, f)

Measurement model

17



A closer look to sensing model

Back to the model... photo-
detector
SLM
Laser Ak &
A Vv Optics
a=(a, - ,ag) @ cores located on .
| B 0 S R Speckle
SLM configuration O = {qj }jzl far ﬁej& .......... pgp
EBN Q,g//\ (874

Speckles are interferences: (uUnderfar-field approximation)

pol@) xw(®) 7 ajajes (@)
wil;(():i\c/)W

Compressive sensing? Gaussian pattern?

18



(noiseless) Interferometric sensing model

2mi

Given @q(x) = w(x) ZQk | Qo en: (4=ax) "= e get

2mi

(Par f) = X2y g0 [ fra €32 G0 Py(z) f(z)dz]
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(noiseless) Interferometric sensing model

2mi

Given @q(x) = w(x) ZQk | Qo en: (4=ax) "= e get

27

(Pas f) = X 5hor ajaf [ foz X
o LZlwfla - ROP!

(Qj_Qk)me(m)f(aj)dw}

with the (Hermitian) interferometric matrix Z|wf] € CO*? s.t.

27I

(Zewf)); = / X2 @m0 () f () dac
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(noiseless) Interferometric sensing model

27

(Pas f) = X 5hor ajaf [ foz X
o LZlwfla - ROP!

(Qj_Qk)me(m)f(aj)dw}

with the (Hermitian) interferometric matrix Z|wf] € CO*? s.t.

27I

(Zewf)); = / 329,790 " () f () da

Uu

N

N

Observation 1: denser Fourier sampling if

Flwf] V| ~ 2
4y V= Q
>+ Lattices are bad core arrangements
° ° ¢ + Fermat’s spiral is not bad
o
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(noiseless) Interferometric sensing model

2mi

Given @q(x) = w(x) ZQk | Qo en: (4=ax) "= e get

27

(Pas f) = X 5hor ajaf [ foz X
o LZlwfla - ROP!

(Qj_Qk)me(m)f(aj)dw}

with the (Hermitian) interferometric matrix Z|wf] € CO*? s.t.

27I

(Zewf)); = / 329,790 " () f () da

Uu

N

N

Observation 2:

Flwf Fo===========- mmmm - :
[w,]/:; , Low-complexity on f

9
Low-complexity on Z.

\ 4
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(noiseless) Interferometric sensing model

27

(Par f) = X1 g [ fra €32 G0 Py(z) f(z)dz]
o LZlwfla - ROP!

with the (Hermitian) interferometric matrix Z|wf] € C@*¥ s.t.

(Zewf)); = / 329,290 () f () da

R2 U

N

N

Observation 3: Similarity with radioastronomy!

visibilities V

wueV:=L(Q-Q) e
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Interferometric sensing model

Composition of two sensing methods ) «

1

;

Y= Yoys " s Yo, ) = A(Z[wf]) + noise,
@TQ2

with  A(M) := {(aja;, M)r}7. .
Sample complexities of interest:

@) Does A capture enough from Z? <+ m big enough?
€ Does I capture enough from f? <> () big enough?

Core arrangement?

A few answers from a few simplifications ...

Theory + Simulations + Experimental results
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ROP debiasing

Stabilization of the ROP operator — debiasing
A T e HO s ((AS, TN

m=1

c RM

1 M *

M 2uj=1 XX,

. c ._ S
with A = a,a, ;

Equivalence: centering the measurement = debiasing the ROP operator

Given y = A(J),
Y =Yk — 37 ojo1 Y5 for k € [M] = y°© = A°(T).

centering

25



Theoretical guarantees: Proposed reconstruction

~

f = arg min [jvfli st [jy° — @ A°(R(Pv)) ||| < e

=:B(v)

26



Theoretical guarantees: Proposed reconstruction

~

L . c C
f = arg min lv]l1 s.t. ||y¢ — = A°(R(Pv)) Hl <€
=:B(v)
Under certain conditions, if
M > CK 111(12;3]\[) and Q(Q — 1) > 4K plog(N, K, 9),
RIPEQ/gl

340 < mig < Mg such that, w.h.p,

M |lv] < 37 lIB()[1 < Mkllvll, Vv € Xk,

Instance optimality:

Provided B has the RIPy, /4, (K', my, M), for K’ = O(K), 3Cy, Dy > 0,

“f_f“§00||f?/%<|ll - Dy < .

27



1-D simulations: phase transition diagrams

Simplified setting:
1-D core arrangement, N = 256

K-sparse vectors

M
Random {a},

Q,M,K varying
80 trials, Success if > 40 dB
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1-D simulations: phase transition diagrams

Simplified setting:

1-D core arrangement, N = 256 940
K-sparse vectors 180 |
Random {a;}¥, VI
60
0O, M, K varying 30

80 trials, Success if > 40 dB

| 7" | = 240 M =122
122 2401
106 A 2101
90 180 -
74 1501
= 58 - — 1201
42 90
26 60 4
10 20
4 7101316 19 22 25 28 31 34 37 40 4 71013 16 19 22 25 28 31 34 37 40

K K

-1.
+

t 240
T 180 ‘V‘
T 120
60
30
37
1
13K
Vi Bogy 4
I — 1.0
240 |
210 : 0.8
180 : 4%
s | 0.6 =
-~ D
| 04
90 I )
60 0.2
30
0.0

10 26 42 58 74 90 106 122

M
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Experiments (in Institut Fresnel, France)

Single pixel

Pixel summation
/\

Lo

OD filters

30



Experiments (in Institut Fresnel, France)

“In theory, theory and
practice are the same,
In practice, they are

Special points of attention:
MCF must be calibrated

MCF system in transmission mode

not."

L . . O
Speckle calibration (system imperfections) 7/:5&&\‘ O
: : f N
e.g., # core radius, locations, ... /(?
Reconstruction method: TV regularizer
— A, Einstein

(Adapted from xked #1233)

~

f = argmin Ly —?(f)ll% + p|| fllrv s.t. f >0,

ROP + Iinterfero  Set empirically

31



Experiments (in Institut Fresnel, France)

Average SNR (5 trials) USAF target O =55 0O=110

T (b) N =256 x 256

|

) =
. Ground truth M = 20000
% 5 ) (2)

N

@ \
N — Q=110 '
— @=5 RS Mode M = 20000

0 5000 10000 15000 20000
M

32



Optical sketching & ROP

il ,A JMMH 1%/7]\
L. Jacques™

R. Delogne* V. Schellekens®

*: ISPGroup, INMA, UCLouvain, Belgium.  7: Institut Fresnel, France.

°: imec, Belgium. *: LightOn, France.



Sketching with an Optical Processing Unit

DMD Multiply scattering ! Camera
binary amplitude modulator medium 12 P :

Device to collect
random feature vectors
“at the speed of light”

> y(x)
Sketch
\2

| . ~
p% ngh wn Machine Learning

Beam blocker

We bring Light to Al

Telescope
s Saade et al. 2016 P ‘\Laser
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Sketching with an Optical Processing Unit

DMD Multiply scattering ! Camera
binary amplitude modulator medium 12 P :

Device to collect
random feature vectors
“at the speed of light”

> y(x)
Sketch
\2

| . ~
p% ngh wn Machine Learning

Beam blocker

We bring Light to Al

Telescope
s Saade et al. 2016 P ‘\Laser

Implicit random rank-one projection model: (with 1 pixels)

m m
y=(lla2))?) = ((wal,ez)r) = Al)
! . RS =
Complex Gaussian Rank-one OPU operator

(Stat. Phys.)
35



General research question

How much information can we (easily*) decode

from the OPU/ROP sketch A 7

*. e.g., linearly
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General research question

How much information can we (easily*) decode

from the OPU/ROP sketch A 7

For instance,

Can we extract local information about x7

Or moments? Frequencies?

Applications:

change point/anomaly detection in data stream,
industrial processes, monitoring, ...

*. e.g., linearly
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Parking lot monitoring scenario?

R

Light©n

A(z)
Sketch

A(x) or A(x') ?
Light®n Estimates of (u,x) and (u,x’)?
A(x')

Sketch

38



Problem statement, for a general sketching W

Given W, find f and g with g(y,,u, V) ~ f({u,x;))?

39



Problem statement, for a general sketching W

Given W, find f and g with g(y,,u, V) ~ f({u,x;))?

Answers from classical (linear) compressive sensing: [ Davenport et al,, 2010.

Under certain conditions on @ (i.e., RIP): > Sketch comparison

f=1d
y=T(x)=dx - g(y,u,¥)=(Pu,y)=u' &'y~ (u,z)

e What are f and g if ¥ = ROP (i.e., quadratic)?

40



Let's first debiase the ROP (yet another debiasing)

Debiasing [Chen et al. 2013]

Quadratic measurements only output strictly positive values
E[AY(x)] > 0

debiased operator:

B(x) = (A3i(x) — A3 11(x)) ", € R™,

such that E[B(x)] = 0.

Optically achievable
(x) = A¥(x)
e Time complexity of O(1).

e If x is binary: A

opu

41



The Sign Product Embedding (SPE)

Given u € R”, with ||u||=1,and 0 < < 1, if
m > § %k log(n/kd),
then for all k-sparse signals x € R” in any basis,

am (Sign(B(w)), B(x)) — (u,x)* | < x|,

holds with high probability. 3 Delogne et al, 2023
> For m large enough, e
for @ = B — g(y,u, ¥) = 7= (sign (Bu)), y) ~ (u, )’

) e fry=()
simple pro jection

42



Experiments |

Setup

e Sequence of frames {x;:}2>,, representing a revolving disk.
e Only access to {B(x:)}23,

e Aim : Detect the passage of the disk in single quadrants
directly in the sketched domain

&
||
S

N\
||

~
Uy
|
=
N
|
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Experiments |

Use the SPE to estimate the quadrant occupancy:

qij(t) := |(uj,xt)|2 from

7

4dm

(Sign(Beopu(U)), Bopu(Xt))

Dashed: qj(t), continuous: OPU

10 7 ,,/ N ,, \\
/ \ / \
/ \\ II \\
/ \\ / \\
A )
0-8 II \ ] \
1 “ 1
II \ II
\\
0.6 v — Q1
4 \ — Q2
h i Q3
|
A \ — Q4
0.4 ; 1 3 Q
] ]
l 1 \
1 Il “
]
\ /
0-2 T II II \
— ! \\ I/
/ /
0 O i \~,____________\...____________"_/_________\_\A/,’,J, ,
0 5 10 15 20

Light®n

We bring Light to Al

LL



Experiments ||

60 000 10 000
Training set Test set: xq, ...
Y18]2
l Averaging l B (213 k)

| B(CZ) R
Centroids f > fk — arg Imax S§;
(YY) 2:09
Co C1 Co

with s; = (sign B(c;), B(xk))

sketched
centroids

n=784 | Direct | m=400 | m=800 | m=1600 | m = 3200
Acc. [%] | 82.1 59.2 66.9 71.8 75.0
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Experiments |l

Variation

(60 000) Tralning set Sketchmg Averaging

centroids
E,; ¥ H XSk > {Cﬁg ?:0 in the sketched
domain

(10000) Test set Sketching

Assumption: 3 an image whose sketch is ¢ <

> [} := argmax(sign(c}), B(wy))
J —_—

Direct | m = 1000 |m = 10000
Accuracy | 82.1% | 82.7% 83.9%

Kernelization?

46



To conclude ...

ake away messages:

(1) Fluorescent speckle imaging (with MCF)
follows a ROP-ed interferometric sensing model

Theory + proof-of-concept experiments

(2) “Signal processing” in the ROP domain is possible

Localizing & classifying OPU sketching
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To conclude ...

ake away messages:

(1) Fluorescent speckle imaging (with MCF)
follows a ROP-ed interferometric sensing model

Theory + proof-of-concept experiments

(2) “Signal processing” in the ROP domain is possible

Localizing & classifying OPU sketching

Open questions:
(1) More advanced sparsity models; 3D imaging?

(2) Time filtering? Centroid estimation?
Usage in compressive learning?
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Thank you for your attention!
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Extra slides



Conditions to get the RIP

Bounded FOV :  supp w C [—%,g] X [—%,%]
Bandlimited £ :

— (H1 & H2) fe RY = sampling of w(x) f(x) over a N pixel grid.
K-sparse f € R" (canonical basis)

Distinct, on-grid, non-zero visibilities

‘V()‘ ~ Q2, with Vo =V \ {O}

RIP Fourier Sensing: For ® = partial random Fourier sampling on )V,
® is RIP(K,0) if |Vy| = 6 2 Kplog(N, K, §),
i.e. ||Pu|? ~5 [lul|?, V K-sparse u € RY

Unit module sketching vector: ©t; ~jiiq Og, With ai| = 1.
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