
Rank-one projections  
for compressive radio interferometric imaging

Laurent Jacques 
INMA, ICTEAM, UCLouvain, Belgium.    IAS, Collegium, Lyon, France

*: ISPGroup, INMA, UCLouvain, Belgium.    : Heriot Watt, UK.†

L. Jacques*O. Leblanc* T. Chu†Y. Wiaux†



Introduction to random projections  
and compressive sensing



The multiple use of random projections in “data science”

Random “projections" are ubiquitous in: 
๏ Data mining & dimensionality reduction techniques 
๏ Sensing and imaging methods (optics, astronomy, …) 
๏ Machine learning (sketching, explicit kernel, initialization, …) 
๏ Randomized numerical methods, …
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From “Nyquist” Sensing...
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From “Nyquist” Sensing...
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… to compressive sensing

6

M M ⇥N

N

'i

0

0

0
0
0

0
0
0
0
0

0
0

y x
<latexit sha1_base64="SlsdxK3YYzZc4G7f7ElGPXm6AGE="></latexit>�

'
noise

yi ' h'i,xi = 'T
i x

Generalized linear sensing

OBSERVATIONS

M ≃ d.o.f. (x)

Optimization, deep learning, 
greedy algorithms
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Examples of compressive sensors
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“Rice One-pixel Camera”

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

M. F. Duarte, M. A. Davenport, D. Takhar, J. N. Laska, T. Sun, K. F. Kelly and R. G. Baraniuk (2008) Single-pixel imaging via compressive sampling
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“Diffuser Cam”

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

N. Antipa, G. Kuo, R. Heckel, B. Mildenhall, E. Bostan, R. Ng, L. Waller, L. (2017). DiffuserCam: lensless single-exposure 3D imaging.

How to Build a (Pi) Di↵userCam

Camille Biscarrat and Shreyas Parthasarathy
Advisors: Nick Antipa, Grace Kuo, Laura Waller

December 12, 2018

1 Introduction

In this document, you will find a general guide and introduction to building a Di↵userCam. In short,
a di↵user with an aperture is placed in front of a sensor. The aperture is an opaque material that blocks
stray light from entering the system. The di↵user is a transparent material that scatters light, but does
not absorb it. Because of the scattering, the sensor reading is not a direct representation of the scene. The
algorithm requires a single calibration measurement of how the di↵user scatters, called the point spread
function (PSF). Di↵userCam’s reconstruction algorithm uses this measurement to recover the original scene
from the raw sensor data.

Figure 1: Setup and Reconstruction Pipeline: Only a single calibration measurement is needed. The

algorithm uses this calibration measurement to take in sensor readings and output reconstructions.

2 Building overview

Every Di↵userCam looks like this:

Figure 2: Side view of Di↵userCam
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Why is it working? → embedding of low-complexity signals
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Johnson-Lindenstrauss Lemma (1984)

D  points
S = {xi : 1 6 i 6 D}
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Why is it working? → embedding of low-complexity signals
For many random  matrices  (e.g., Gaussian, Bernoulli, structured)  

+ Many extensions to other sparsity models, low-rank matrices, … 

M × N Φ
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Structured random projections

Challenge: dense matrices  not optimal for:  
๏ memory and computational complexity 
๏ physically friendly implementation  
๏ sensing higher dimensional objects  

Other solutions: 
๏ Fourier (FFT) or Hadamard matrices (or derivatives) 

๏ Rank-one projections (ROP)

Φ
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Focus on rank-one projections (ROP)

Object to project = symmetric  matrices  
           e.g., image, volume, covariance matrices, … 
Projection with  random vectors

n × n X ∈ ℝn×n

m
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Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Chen & Goldsmith (2015)
Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Cai & Zhang (2015)

(e.g., Gaussian)
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Figure 1. A typical setup for structured illuminations in di↵raction imaging
using a phase mask.

several di↵raction patterns from overlapping areas of the sample, see [174, 194] and references
therein. We discuss ptychography in more detail in Section 2.7 and Section 2.5. In [106], the
sample is scanned by shifting the phase plate as in ptychography; the di↵erence is that one
scans the known phase plate rather than the object being imaged. Oblique illuminations are
another possibility to create multiple illuminations. Here one can use illuminating beams
hitting the sample at user specified angle [59].
In mathematical terms, the phase retrieval problem when using multiple structured illu-

minations in the measurement process, can be expressed as follows.

Find x

subject to yk,` = |(FD`x)k|2, k = 1, . . . , n; ` = 1, . . . , L,

where D` is a diagonal matrix representing the `-th mask out of a total of L di↵erent masks,
and the total number of measurements is given by N = nL.

Holography. Holographic techniques, going back to the seminal work of Dennis Gabor [70],
are among the more popular methods that have been proposed to measure the phase of
the optical wave. The basic idea of holography is to include a reference in the illumination
process. This prior information can be utilized to recover the phase of the signal. While holo-
graphic techniques have been successfully applied in certain areas of optical imaging, they
can be generally di�cult to implement in practice [52]. In recent years we have seen signifi-
cant progress in this area [176, 120]. We postpone a more detailed discussion of holographic
methods to Section 8.

2.4. Measurement of coded di↵raction patterns. Due to the importance of coded
di↵raction patterns for phase retrieval, we describe this scheme in more detail. Let Z2

n =
J0, n�1K2 be the object domain containing the support of the discrete object x⇤ where Jk, lK
denotes the integers between, and including, k  l 2 Z.
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Acquisition and imaging models 
in radio astronomy



Radio interferometric sensing model
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 antennas focused on  
a (small) region  of the sky
Q
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optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Van Der Veen et al (2019)
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Radio interferometric sensing model
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Sensing at -th antenna signal: given the cosmic signal q
<latexit sha1_base64="znpuWd2/OQ444FpSOkklCIwp9x4="></latexit>

s(l, t) ⇠
i.i.d.

CN
�
0,�2(l)

�

 Fourier transform of a stochastic signal on frequencies ⇒
<latexit sha1_base64="JcZko2lFZGt6oq101FD36c2u+bM="></latexit>

⌦(t) = {p?
q (t)}

Q
q=1

<latexit sha1_base64="6kXFDIdOn6JmDjTqIlVqHk88iqo="></latexit>

xq(t)
signal

=

Z

R2

s(l, t) g(l)
FOV

exp
�
i2⇡
� p?

q (t)
>l

geometric delay

�
dl + nq(t)

noise

.
cosmic 
signal

Stochastic



Radio interferometric sensing model
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Sensing at -th antenna signal: given the cosmic signal q
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Radio-interferometry principle: let’s make correlation/interference of antenna signals

Van Cittert
Zernike
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Radio interferometric sensing model
By the Van Cittert-Zernike theorem (VCZ):
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C(t) := E[x(t)x⇤(t)] = I⌦(t)[�
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⇢⇢⌃n
cov. of n(t)
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Radio interferometric sensing model
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In practice → time averaging
๏  short-time integration intervals (STI) 

 with  discrete time instants : 
    ,   

๏ Approx: over each STI, Earth & visibilities are fixed

B
I

x(t) → xb[i] ∈ ℝQ 𝔼( ⋅ ) ≈ ⟨ ⋅ ⟩I

2D Fourier
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<latexit sha1_base64="SEgbOVnm8NyDtkoBGvQ5rGUCGJI="></latexit>

x(t) = (x1(t), . . . , xQ(t))
>

<latexit sha1_base64="SYSquKzckluov665nTzsSkycsq8="></latexit>

(Ib(��))jk := F [��]
⇣

p?
k �p?

j

�

2Vb:=��1(⌦b�⌦b)

⌘

t
th STIbb − 1

1 2 i I⋯⋯

⋯

𝔼( ⋅ ) ≈ ⟨ ⋅ ⟩I

B
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<latexit sha1_base64="hENsd6UbE8stOHzHkgDbuFxm5X4="></latexit>

g2(l)�2(l)

FOV

<latexit sha1_base64="dUSUErByqiAxDO2LJtgEhGnRkOk="></latexit>

��(l)

with

In practice → time averaging
๏  short-time integration intervals (STI) 

 with  discrete time instants : 
    ,   

๏ Approx: over each STI, Earth & visibilities are fixed

B
I

x(t) → xb[i] ∈ ℝQ 𝔼( ⋅ ) ≈ ⟨ ⋅ ⟩I

2D Fourier

 visibilities per STI 
→  in total
O(Q2)

O(Q2B)

<latexit sha1_base64="Fsq9cCHUXJ25AAoVbX6RY6XXwhE="></latexit>

Cb :=
1
I

PI
i=1xb[i]x

⇤
b [i]

hxb[·]x⇤
b [·]iI

= I⌦b [�
�] +

neglected

⇢⇢⌃n
cov. of nbSTI → Eppur si muove

By the Van Cittert-Zernike theorem (VCZ):
<latexit sha1_base64="SEgbOVnm8NyDtkoBGvQ5rGUCGJI="></latexit>

x(t) = (x1(t), . . . , xQ(t))
>

<latexit sha1_base64="SYSquKzckluov665nTzsSkycsq8="></latexit>

(Ib(��))jk := F [��]
⇣

p?
k �p?

j

�

2Vb:=��1(⌦b�⌦b)

⌘
⇒

Fourier plane

<latexit sha1_base64="5Y6CpLCDUb3lIUTekGPwfsHzJVY="></latexit>

F [��]
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Van Cittert
Zernike

<latexit sha1_base64="jHYmM+MCWKdCEu6mSH7qsfMVCmc=">AAACKnicbVDLTsMwEHTKu7zhyMWiIMGBNukBOCK4cASJtIi2qhx305o6TrA3iCriL7jCF/A13CqufAhumwMUVrI0O7ujWU+QSGHQdYdOYWZ2bn5hcam4vLK6tr6xuVUzcao5+DyWsb4NmAEpFPgoUMJtooFFgYR60L8YzeuPoI2I1Q0OEmhFrKtEKDhDS93tNQNDnw7wcK+9UXLL7rjoX+DloETyumpvOsVmJ+ZpBAq5ZMY0PDfBVsY0Ci7hudhMDSSM91kXGhYqFoFpZeOTn+m+ZTo0jLV9CumY/anIWGTMIArsZsSwZ6ZnI/K/WSPF8LSVCZWkCIpPjMJUUozp6P+0IzRwlAMLGNfC3kp5j2nG0aZUbI6FWcU3tqvcM/6QgqlIhvB0xGMVim4lN8pZgWVhbWx63nRWf0GtWvaOy8fX1dLZeZ7jItkhu+SAeOSEnJFLckV8wokiL+SVvDnvzoczdD4nqwUn12yTX+V8fQPMjaXk</latexit>

x(t)

Acquisition operator
<latexit sha1_base64="Ia0K71LE2TrwRStkp1n7Ax2XdRc="></latexit>

X := [bXb !  (X ) :=
S

b Cb(Xb)

 valuesQ2B

(antennas level)

Sampling B STIs, b ∈ [B]
<latexit sha1_base64="roHsUteC9t4qmwBZEnnDxMcf9sM="></latexit>

Xb := {xb[i] 2 CQ, i 2 [I]}

Covariances estimations
<latexit sha1_base64="FOO/UiwCSTDBpqpNg9BiMY/RQKI="></latexit>

Cb(Xb) := hxb[·]x⇤
b [·]iI

:= 1
I

PI
i=1 xb[i]x⇤

b [i]

( )QBI

( )QBI → Q2B(correlator)

Two sensing operators : Acquisition 
model
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equal in expectation 

<latexit sha1_base64="dUSUErByqiAxDO2LJtgEhGnRkOk="></latexit>

��(l)

Sampling over a -pixel gridN
<latexit sha1_base64="CGLfnuQ0ZXG8qgoczmet2xsibjQ="></latexit>

� 2 RN

Given

 visibilitiesQ2B

Imaging operator

(image level)

 valuesQ2B

(reconstruction level)

<latexit sha1_base64="qCTi3QORMnvvWEaUqmzYebZy2eU="></latexit>

� ����!
NFFT

�[�] = F [�](V) = {Ib(�)}Bb=1

Two sensing operators : Imaging 
model

Acquisition 
model

VCZ

Van Cittert
Zernike

<latexit sha1_base64="jHYmM+MCWKdCEu6mSH7qsfMVCmc=">AAACKnicbVDLTsMwEHTKu7zhyMWiIMGBNukBOCK4cASJtIi2qhx305o6TrA3iCriL7jCF/A13CqufAhumwMUVrI0O7ujWU+QSGHQdYdOYWZ2bn5hcam4vLK6tr6xuVUzcao5+DyWsb4NmAEpFPgoUMJtooFFgYR60L8YzeuPoI2I1Q0OEmhFrKtEKDhDS93tNQNDnw7wcK+9UXLL7rjoX+DloETyumpvOsVmJ+ZpBAq5ZMY0PDfBVsY0Ci7hudhMDSSM91kXGhYqFoFpZeOTn+m+ZTo0jLV9CumY/anIWGTMIArsZsSwZ6ZnI/K/WSPF8LSVCZWkCIpPjMJUUozp6P+0IzRwlAMLGNfC3kp5j2nG0aZUbI6FWcU3tqvcM/6QgqlIhvB0xGMVim4lN8pZgWVhbWx63nRWf0GtWvaOy8fX1dLZeZ7jItkhu+SAeOSEnJFLckV8wokiL+SVvDnvzoczdD4nqwUn12yTX+V8fQPMjaXk</latexit>

x(t)

Acquisition operator
<latexit sha1_base64="Ia0K71LE2TrwRStkp1n7Ax2XdRc="></latexit>

X := [bXb !  (X ) :=
S

b Cb(Xb)

 valuesQ2B

(antennas level)

Sampling B STIs, b ∈ [B]
<latexit sha1_base64="roHsUteC9t4qmwBZEnnDxMcf9sM="></latexit>

Xb := {xb[i] 2 CQ, i 2 [I]}

Covariances estimations
<latexit sha1_base64="FOO/UiwCSTDBpqpNg9BiMY/RQKI="></latexit>

Cb(Xb) := hxb[·]x⇤
b [·]iI

:= 1
I

PI
i=1 xb[i]x⇤

b [i]

( )QBI → Q2B(correlator)

( )QBI

( )N → Q2B

(for image reconstruction)
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<latexit sha1_base64="tCfS+QRSVxw9ui7gtT+tqOCLjMg="></latexit>

Find a valid �̃ such that �[�̃] ⇡  (X )

Prior (sparsity)

Inverse problem solving:

Imaging 
model

Acquisition 
model

(processed)  
Interfero data

ill-posed problem 
without priors
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<latexit sha1_base64="tCfS+QRSVxw9ui7gtT+tqOCLjMg="></latexit>

Find a valid �̃ such that �[�̃] ⇡  (X )

Prior (sparsity)

Inverse problem solving:

Imaging 
model

Acquisition 
model

(processed)  
Interfero data

Optimization, deep learning (DL), 
greedy algorithms

Prior (sparsity)

<latexit sha1_base64="14aqmUqNN3SVXvAo5tqXhU3oM+M="></latexit>

 (X )

<latexit sha1_base64="NB6J7OoQWzbScqRfkMvke+0rDho=">AAACKXicbVDLTsMwEHTKu7zhyCWiReJCmvRQOCK4cCwSgaKmqhx305o6TrA3iCriK7jCF/A13IArP4JbcoDCSpZmZ3c06wlTwTW67rtVmpmdm19YXCovr6yurW9sbl3qJFMMfJaIRLVCqkFwCT5yFNBKFdA4FHAVDk/H86s7UJon8gJHKXRi2pc84oyioa6rQaiD5oBXuxsV13EnZf8FXgEqpKhmd9MqB72EZTFIZIJq3fbcFDs5VciZgIdykGlIKRvSPrQNlDQG3cknFz/Ye4bp2VGizJNoT9ifipzGWo/i0GzGFAd6ejYm/5u1M4yOOjmXaYYg2bdRlAkbE3v8fbvHFTAUIwMoU9zcarMBVZShCakcTIR5zdemq91QdpuBrgmKcH/AEhnxfq0wKliODjc2Jj1vOqu/4LLueA2ncV6vHJ8UOS6SHbJL9olHDskxOSNN4hNGYvJInsiz9WK9Wm/Wx/dqySo02+RXWZ9f3Tul+g==</latexit>

�
Interfero 

Data

<latexit sha1_base64="CUTwb8KnVxt1hFkiTiA/iTKUsy0="></latexit>

�̃ Estimated 
Image

ill-posed problem 
without priors

Example of algorithms:
CLEAN (greedy, aka Matching Pursuit), Basis Pursuit (optim), uSARA (optim), R2D2 (DL)

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

A. Aghabiglou et al (2023)
Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

R. Carrillo et al (2023)
Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

J. A. Högbom (1974)
Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Y. Wiaux et al (2009) ⋯



Challenges in radio-interferometry

Massive data stream 🐘 

๏ #visibilities  →  
e.g., for the square-kilometer array (SKA)  

,  → Storing  visibilities 😱 
๏ Computing  via all   (with )  
→ (Roughly)  

Solution: compressive radio-interferometric (RI) sensing scheme 
๏ Dress up an old scheme, beamforming, in new clothes    
๏ Compress measurements at antenna & reconstruction levels 
๏ Supported by theoretical guarantees (under a few simplifications)

𝒱 = ∪B
b=1 𝒱b O(Q2B)

Q = O(105) B = O(100) O(107)

ℱ[σ∘](𝒱) {Cb}B
b=1 I = O(109)

O(IB Q2) = O(109 ⋅ 102 ⋅ 1010) = O(1021)

26

SKA
O(105)



Compressive radio astronomy 
with rank-one projections and an old trick



Beamforming ≡ rank-one projections of covariance matrix

28

What if we create virtual antennas?  Let’s do beamforming

Van Cittert
ZernikeBeamforming   

creating virtual antenna for  
- spatial filtering, 
- directionality, …

≡

Acoustic radar, Japan (1930)

 ?∑



Beamforming ≡ rank-one projections of covariance matrix

29
Given  complex weights Q αq, βq

What if we create virtual antennas?  Let’s do beamforming

Van Cittert
ZernikeBeamforming   

optimising  for, e.g.,  
- spatial filtering, 
- directionality, …

≡
αq, βq

Acoustic radar, Japan (1930)

2 virtual 
antennas  

, μ(t) ν(t)



Beamforming ≡ rank-one projections of covariance matrix

30

What if we create virtual antennas?  Let’s do beamforming

ROP!!Van Cittert
Zernike

→ Let’s take  randomly and 
compute  ROPs per time/STI

α & β
P

sketch-forming, 
lazy-forming
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Zernike

<latexit sha1_base64="jHYmM+MCWKdCEu6mSH7qsfMVCmc=">AAACKnicbVDLTsMwEHTKu7zhyMWiIMGBNukBOCK4cASJtIi2qhx305o6TrA3iCriL7jCF/A13CqufAhumwMUVrI0O7ujWU+QSGHQdYdOYWZ2bn5hcam4vLK6tr6xuVUzcao5+DyWsb4NmAEpFPgoUMJtooFFgYR60L8YzeuPoI2I1Q0OEmhFrKtEKDhDS93tNQNDnw7wcK+9UXLL7rjoX+DloETyumpvOsVmJ+ZpBAq5ZMY0PDfBVsY0Ci7hudhMDSSM91kXGhYqFoFpZeOTn+m+ZTo0jLV9CumY/anIWGTMIArsZsSwZ6ZnI/K/WSPF8LSVCZWkCIpPjMJUUozp6P+0IzRwlAMLGNfC3kp5j2nG0aZUbI6FWcU3tqvcM/6QgqlIhvB0xGMVim4lN8pZgWVhbWx63nRWf0GtWvaOy8fX1dLZeZ7jItkhu+SAeOSEnJFLckV8wokiL+SVvDnvzoczdD4nqwUn12yTX+V8fQPMjaXk</latexit>

x(t)

We need new sensing operators
Acquisition operator

<latexit sha1_base64="SJg+MEAwCEqfpFGPdUimBqdKRS0="></latexit>

Given {↵pb,�pb

 P,B

p=1,b=1
⇢ CQ, {�mb}M,B

m=1,b=1 ⇢ CQ

Sampling B STIs, b ∈ [B]
<latexit sha1_base64="roHsUteC9t4qmwBZEnnDxMcf9sM="></latexit>

Xb := {xb[i] 2 CQ, i 2 [I]}

(sampled antenna signals)

(  STI,  time samples per batch) B I

(as before)

(Not specified yet)

(1st compression @antennas level)

Random beamforming: for  ROPs per p ∈ [P] b

<latexit sha1_base64="piqeqJOIzuERAuDL/DwJGUX6/XQ="></latexit>

µpb[i] := h↵pb,xb[i]i, ⌫pb[i] := h�pb,xb[i]i
<latexit sha1_base64="pvXUTcwI08UzrNz9dNkw7GMKGvo="></latexit>

ypb =
1
I

PI
i=1 µpb[i]⌫pb[i] = ↵⇤

pbCb�pb

( )QBI → PB

ROP

<latexit sha1_base64="FU7ksZQ6ZbEfHOMyYuSAEpRHqXo="></latexit>

with Cb := hxb[·]x⇤
b [·]iI

:= 1
I

PI
i=1 xb[i]x⇤

b [i]

<latexit sha1_base64="6VjP1RviCQ9HYatfWCFWfOhjWKw="></latexit>

↵⇤
pb

<latexit sha1_base64="Uu/ViH9mGIgO5CB/y94nseqw1KM="></latexit>

�pb

<latexit sha1_base64="ljfHuonAa4EscD5MdskrE5myQ90=">AAACKXicbVBNTwIxEO3iN36iRy+NaOJF2OWgHolcPGoiggFCumUWKt3u2s4ayYZf4VV/gb/Gm3r1j1hwDypO0uTNm3l50+fHUhh03XcnNze/sLi0vJJfXVvf2NwqbF+bKNEc6jySkW76zIAUCuooUEIz1sBCX0LDH9Ym88Y9aCMidYWjGDoh6ysRCM7QUjf7bd/QWtff724V3ZI7LToLvAwUSVYX3YKTb/cinoSgkEtmTMtzY+ykTKPgEsb5dmIgZnzI+tCyULEQTCedXjymB5bp0SDS9imkU/anImWhMaPQt5shw4H5O5uQ/81aCQannVSoOEFQ/NsoSCTFiE6+T3tCA0c5soBxLeytlA+YZhxtSPn2VJiW68Z25VvG7xIwZckQHo54pALRL2dGGSuwJKyNTc/7m9UsuK6UvOPS8WWlWD3Lclwmu2SPHBKPnJAqOScXpE44CckjeSLPzovz6rw5H9+rOSfT7JBf5Xx+AUFWpaE=</latexit>

Cb

<latexit sha1_base64="crUY0LC1wH3Gd26fstES+lE8mDU="></latexit>

hµpb[·]⌫⇤pb[·]iI
Still  observations!PB

y1 y2

…
yB

P

( )QBI
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Zernike

<latexit sha1_base64="jHYmM+MCWKdCEu6mSH7qsfMVCmc=">AAACKnicbVDLTsMwEHTKu7zhyMWiIMGBNukBOCK4cASJtIi2qhx305o6TrA3iCriL7jCF/A13CqufAhumwMUVrI0O7ujWU+QSGHQdYdOYWZ2bn5hcam4vLK6tr6xuVUzcao5+DyWsb4NmAEpFPgoUMJtooFFgYR60L8YzeuPoI2I1Q0OEmhFrKtEKDhDS93tNQNDnw7wcK+9UXLL7rjoX+DloETyumpvOsVmJ+ZpBAq5ZMY0PDfBVsY0Ci7hudhMDSSM91kXGhYqFoFpZeOTn+m+ZTo0jLV9CumY/anIWGTMIArsZsSwZ6ZnI/K/WSPF8LSVCZWkCIpPjMJUUozp6P+0IzRwlAMLGNfC3kp5j2nG0aZUbI6FWcU3tqvcM/6QgqlIhvB0xGMVim4lN8pZgWVhbWx63nRWf0GtWvaOy8fX1dLZeZ7jItkhu+SAeOSEnJFLckV8wokiL+SVvDnvzoczdD4nqwUn12yTX+V8fQPMjaXk</latexit>

x(t)

We need new sensing operators
Acquisition operator

<latexit sha1_base64="SJg+MEAwCEqfpFGPdUimBqdKRS0="></latexit>

Given {↵pb,�pb

 P,B

p=1,b=1
⇢ CQ, {�mb}M,B

m=1,b=1 ⇢ CQ

Sampling B STIs, b ∈ [B]
<latexit sha1_base64="roHsUteC9t4qmwBZEnnDxMcf9sM="></latexit>

Xb := {xb[i] 2 CQ, i 2 [I]}

(sampled antenna signals)

(  STI,  time samples per batch) B I

(as before)

(Not specified yet)

(1st compression @antennas level)

Random beamforming: for  ROPs per p ∈ [P] b

<latexit sha1_base64="piqeqJOIzuERAuDL/DwJGUX6/XQ="></latexit>

µpb[i] := h↵pb,xb[i]i, ⌫pb[i] := h�pb,xb[i]i
<latexit sha1_base64="pvXUTcwI08UzrNz9dNkw7GMKGvo="></latexit>

ypb =
1
I

PI
i=1 µpb[i]⌫pb[i] = ↵⇤

pbCb�pb

( )QBI → PB

ROP

<latexit sha1_base64="FU7ksZQ6ZbEfHOMyYuSAEpRHqXo="></latexit>

with Cb := hxb[·]x⇤
b [·]iI

:= 1
I

PI
i=1 xb[i]x⇤

b [i]

<latexit sha1_base64="6VjP1RviCQ9HYatfWCFWfOhjWKw="></latexit>

↵⇤
pb

<latexit sha1_base64="Uu/ViH9mGIgO5CB/y94nseqw1KM="></latexit>

�pb

<latexit sha1_base64="ljfHuonAa4EscD5MdskrE5myQ90=">AAACKXicbVBNTwIxEO3iN36iRy+NaOJF2OWgHolcPGoiggFCumUWKt3u2s4ayYZf4VV/gb/Gm3r1j1hwDypO0uTNm3l50+fHUhh03XcnNze/sLi0vJJfXVvf2NwqbF+bKNEc6jySkW76zIAUCuooUEIz1sBCX0LDH9Ym88Y9aCMidYWjGDoh6ysRCM7QUjf7bd/QWtff724V3ZI7LToLvAwUSVYX3YKTb/cinoSgkEtmTMtzY+ykTKPgEsb5dmIgZnzI+tCyULEQTCedXjymB5bp0SDS9imkU/anImWhMaPQt5shw4H5O5uQ/81aCQannVSoOEFQ/NsoSCTFiE6+T3tCA0c5soBxLeytlA+YZhxtSPn2VJiW68Z25VvG7xIwZckQHo54pALRL2dGGSuwJKyNTc/7m9UsuK6UvOPS8WWlWD3Lclwmu2SPHBKPnJAqOScXpE44CckjeSLPzovz6rw5H9+rOSfT7JBf5Xx+AUFWpaE=</latexit>

Cb

<latexit sha1_base64="crUY0LC1wH3Gd26fstES+lE8mDU="></latexit>

hµpb[·]⌫⇤pb[·]iI
Still  observations!PB

y1 y2

…

( )QBI

γ1 γ2 γB+ + = z

yB

P

Let’s modulate and sum  timesM
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<latexit sha1_base64="jHYmM+MCWKdCEu6mSH7qsfMVCmc=">AAACKnicbVDLTsMwEHTKu7zhyMWiIMGBNukBOCK4cASJtIi2qhx305o6TrA3iCriL7jCF/A13CqufAhumwMUVrI0O7ujWU+QSGHQdYdOYWZ2bn5hcam4vLK6tr6xuVUzcao5+DyWsb4NmAEpFPgoUMJtooFFgYR60L8YzeuPoI2I1Q0OEmhFrKtEKDhDS93tNQNDnw7wcK+9UXLL7rjoX+DloETyumpvOsVmJ+ZpBAq5ZMY0PDfBVsY0Ci7hudhMDSSM91kXGhYqFoFpZeOTn+m+ZTo0jLV9CumY/anIWGTMIArsZsSwZ6ZnI/K/WSPF8LSVCZWkCIpPjMJUUozp6P+0IzRwlAMLGNfC3kp5j2nG0aZUbI6FWcU3tqvcM/6QgqlIhvB0xGMVim4lN8pZgWVhbWx63nRWf0GtWvaOy8fX1dLZeZ7jItkhu+SAeOSEnJFLckV8wokiL+SVvDnvzoczdD4nqwUn12yTX+V8fQPMjaXk</latexit>

x(t)

We need new sensing operators
Acquisition operator

<latexit sha1_base64="1DazQCMegvR7nb4yBk9hqUZg8UY="></latexit>

⌘ ROP of C := bdiag(C1, . . . ,CB)

Bernoulli modulations: for  modulationsm ∈ [M]

( )PB → PM(2nd compression)

<latexit sha1_base64="GMoFBT6uLH2wZe7JEZVfHzmTuM8="></latexit>

X ! e (X ) =
n
zm :=

PB
b=1 �mb

2{±1}
yb

oM

m=1

 valuesPM

Sampling B STIs, b ∈ [B]
<latexit sha1_base64="roHsUteC9t4qmwBZEnnDxMcf9sM="></latexit>

Xb := {xb[i] 2 CQ, i 2 [I]}

(sampled antenna signals)

(  STI,  time samples per batch) B I

(Not specified yet)

(1st compression @antennas level)

Random beamforming: for  ROPs per p ∈ [P] b

<latexit sha1_base64="piqeqJOIzuERAuDL/DwJGUX6/XQ="></latexit>

µpb[i] := h↵pb,xb[i]i, ⌫pb[i] := h�pb,xb[i]i
<latexit sha1_base64="pvXUTcwI08UzrNz9dNkw7GMKGvo="></latexit>

ypb =
1
I

PI
i=1 µpb[i]⌫pb[i] = ↵⇤

pbCb�pb

( )QBI → PB

ROP

<latexit sha1_base64="FU7ksZQ6ZbEfHOMyYuSAEpRHqXo="></latexit>

with Cb := hxb[·]x⇤
b [·]iI

:= 1
I

PI
i=1 xb[i]x⇤

b [i]

<latexit sha1_base64="6VjP1RviCQ9HYatfWCFWfOhjWKw="></latexit>

↵⇤
pb

<latexit sha1_base64="Uu/ViH9mGIgO5CB/y94nseqw1KM="></latexit>

�pb

<latexit sha1_base64="ljfHuonAa4EscD5MdskrE5myQ90=">AAACKXicbVBNTwIxEO3iN36iRy+NaOJF2OWgHolcPGoiggFCumUWKt3u2s4ayYZf4VV/gb/Gm3r1j1hwDypO0uTNm3l50+fHUhh03XcnNze/sLi0vJJfXVvf2NwqbF+bKNEc6jySkW76zIAUCuooUEIz1sBCX0LDH9Ym88Y9aCMidYWjGDoh6ysRCM7QUjf7bd/QWtff724V3ZI7LToLvAwUSVYX3YKTb/cinoSgkEtmTMtzY+ykTKPgEsb5dmIgZnzI+tCyULEQTCedXjymB5bp0SDS9imkU/anImWhMaPQt5shw4H5O5uQ/81aCQannVSoOEFQ/NsoSCTFiE6+T3tCA0c5soBxLeytlA+YZhxtSPn2VJiW68Z25VvG7xIwZckQHo54pALRL2dGGSuwJKyNTc/7m9UsuK6UvOPS8WWlWD3Lclwmu2SPHBKPnJAqOScXpE44CckjeSLPzovz6rw5H9+rOSfT7JBf5Xx+AUFWpaE=</latexit>

Cb

<latexit sha1_base64="SJg+MEAwCEqfpFGPdUimBqdKRS0="></latexit>

Given {↵pb,�pb

 P,B

p=1,b=1
⇢ CQ, {�mb}M,B

m=1,b=1 ⇢ CQ

<latexit sha1_base64="crUY0LC1wH3Gd26fstES+lE8mDU="></latexit>

hµpb[·]⌫⇤pb[·]iI

(as before)( )QBI
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We need new sensing operators

Van Cittert
Zernike
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x(t)

(1st compression @antennas level)

Sampling B STIs, b ∈ [B]
<latexit sha1_base64="roHsUteC9t4qmwBZEnnDxMcf9sM="></latexit>

Xb := {xb[i] 2 CQ, i 2 [I]}

Random beamforming: for  ROPs per p ∈ [P] b
<latexit sha1_base64="piqeqJOIzuERAuDL/DwJGUX6/XQ="></latexit>

µpb[i] := h↵pb,xb[i]i, ⌫pb[i] := h�pb,xb[i]i
<latexit sha1_base64="pvXUTcwI08UzrNz9dNkw7GMKGvo="></latexit>

ypb =
1
I

PI
i=1 µpb[i]⌫pb[i] = ↵⇤

pbCb�pb

( )QBI → PB

Bernoulli modulations: for  modulationsm ∈ [M]

(2nd compression)

ROP

<latexit sha1_base64="GMoFBT6uLH2wZe7JEZVfHzmTuM8="></latexit>

X ! e (X ) =
n
zm :=

PB
b=1 �mb

2{±1}
yb

oM

m=1

 valuesPM

( )PB → PM

Acquisition 
model

Modulated 
ROPs

( )QBI
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We need new sensing operators

equal in expectation 

<latexit sha1_base64="wcjJsbuvv7I4jU1q18827rg9WB4="></latexit>

��(l)

Given

 visibilitiesQ2B

 valuesPM

(image level)

Sampling over a -pixel gridN
<latexit sha1_base64="CGLfnuQ0ZXG8qgoczmet2xsibjQ="></latexit>

� 2 RN

(compression for the reconstruction level)
<latexit sha1_base64="DOPeDJwJDZYbRjPcRcDlwWKquvM="></latexit>

�
ROP���!

�
y0
b = [↵⇤

pb

F [�](Vb)

Ib(�) �pb

�⇤P
p=1

 B

b=1

Mod.���! e�[�] =
�PB

b=1
�mby0

b

 M

m=1

<latexit sha1_base64="6VjP1RviCQ9HYatfWCFWfOhjWKw="></latexit>

↵⇤
pb

<latexit sha1_base64="Uu/ViH9mGIgO5CB/y94nseqw1KM="></latexit>

�pb

<latexit sha1_base64="55XY4KC0xKH9PWmqWKZ3mKzUvrI="></latexit>

Ib(�)

Imaging 
model

Acquisition 
model

Modulated 
ROPs

Van Cittert
Zernike

<latexit sha1_base64="jHYmM+MCWKdCEu6mSH7qsfMVCmc=">AAACKnicbVDLTsMwEHTKu7zhyMWiIMGBNukBOCK4cASJtIi2qhx305o6TrA3iCriL7jCF/A13CqufAhumwMUVrI0O7ujWU+QSGHQdYdOYWZ2bn5hcam4vLK6tr6xuVUzcao5+DyWsb4NmAEpFPgoUMJtooFFgYR60L8YzeuPoI2I1Q0OEmhFrKtEKDhDS93tNQNDnw7wcK+9UXLL7rjoX+DloETyumpvOsVmJ+ZpBAq5ZMY0PDfBVsY0Ci7hudhMDSSM91kXGhYqFoFpZeOTn+m+ZTo0jLV9CumY/anIWGTMIArsZsSwZ6ZnI/K/WSPF8LSVCZWkCIpPjMJUUozp6P+0IzRwlAMLGNfC3kp5j2nG0aZUbI6FWcU3tqvcM/6QgqlIhvB0xGMVim4lN8pZgWVhbWx63nRWf0GtWvaOy8fX1dLZeZ7jItkhu+SAeOSEnJFLckV8wokiL+SVvDnvzoczdD4nqwUn12yTX+V8fQPMjaXk</latexit>

x(t)

(1st compression @antennas level)

Sampling B STIs, b ∈ [B]
<latexit sha1_base64="roHsUteC9t4qmwBZEnnDxMcf9sM="></latexit>

Xb := {xb[i] 2 CQ, i 2 [I]}

Random beamforming: for  ROPs per p ∈ [P] b
<latexit sha1_base64="piqeqJOIzuERAuDL/DwJGUX6/XQ="></latexit>

µpb[i] := h↵pb,xb[i]i, ⌫pb[i] := h�pb,xb[i]i
<latexit sha1_base64="pvXUTcwI08UzrNz9dNkw7GMKGvo="></latexit>

ypb =
1
I

PI
i=1 µpb[i]⌫pb[i] = ↵⇤

pbCb�pb

( )QBI → PB

Bernoulli modulations: for  modulationsm ∈ [M]

( )PB → PM(2nd compression)

ROP

<latexit sha1_base64="GMoFBT6uLH2wZe7JEZVfHzmTuM8="></latexit>

X ! e (X ) =
n
zm :=

PB
b=1 �mb

2{±1}
yb

oM

m=1

 valuesPM
VCZ

( )QBI

( )N → PM
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Questions:  
๏ For which (distribution on)  can we estimate the image ? 

๏ Which compression ratios can we reach? 

Our answers: 
1. Theory: ok if  are random and (sub)Gaussian 

but without modulations ( ) and  large enough 
2. Experiments: ok if  are random and (sub)Gaussian

{αpb, βpb, γmb} σ

{αpb, βpb}
γmb = 1, M = 1 P

{αpb, βpb, γmb}



Reconstruction guarantees? Theory for a simplified scenario

37

<latexit sha1_base64="JY2hqDMWU/YFB7SpQFPtsiK5e9Y="></latexit>

e�[�] =
PB

b=1[↵
⇤
pb

F [�](Vb)

Ib(�) �pb

⇤P
p=1

=
⇥
↵⇤

p

F [�](V)

I(�) �p

⇤P
p=1

Batched ROP model: sum without modulation ( )γmb = 1, M = 1

<latexit sha1_base64="SlWEM/Z4HE7KykaBN6AAlVZVEDc="></latexit>

with ↵p = [↵pb]Bb=1, �p = [�pb]
B
b=1, I = bdiag(I1, . . . ,IB).

<latexit sha1_base64="Lm8Oh7oD3odyVT+fxeQut24zoHw="></latexit>

{Vb}Bb=1 =: V



If  are (sub)Gaussian, given a sparsity level   
and provided  and  (up to logs), 

then, with high probability, given the observations , 
an -minimization gives an estimate  with 

for some .

{αpb, βpb} K

P = O(K) Q2B = O(K)
z = Φ̃[σ] + noise

ℓ1 σ′￼

C, D > 0

<latexit sha1_base64="BSWqW4hhN1qApRqpRgQ9Bt1W7Fc="></latexit>

k� � �0k2 6 C
k���Kk1p

K
+D ✏

Np

<latexit sha1_base64="I/9qpN22rH3RqKcX3XnULBr5+Mg="></latexit>

k·k16✏

Reconstruction guarantees? Theory for a simplified scenario
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<latexit sha1_base64="SlWEM/Z4HE7KykaBN6AAlVZVEDc="></latexit>

with ↵p = [↵pb]Bb=1, �p = [�pb]
B
b=1, I = bdiag(I1, . . . ,IB).

(under specific simplifying assumptions)

<latexit sha1_base64="Lm8Oh7oD3odyVT+fxeQut24zoHw="></latexit>

{Vb}Bb=1 =: V

<latexit sha1_base64="JY2hqDMWU/YFB7SpQFPtsiK5e9Y="></latexit>

e�[�] =
PB

b=1[↵
⇤
pb

F [�](Vb)

Ib(�) �pb

⇤P
p=1

=
⇥
↵⇤

p

F [�](V)

I(�) �p

⇤P
p=1

Batched ROP model: sum without modulation ( )γmb = 1, M = 1
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Modulated ROP model (MROP): 
๏ Monte Carlo simulations 
๏   
๏ Various  
๏ Very Large Array (VLA) visibility/frequency coverage

N = 104, B = 100, Q = 27
K, P, M
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Fig. 5: (a) Example of a randomly generated K-sparse sky with K = 25. (b-d) Phase transition diagrams showing Np ⇥Nm modulated ROPs of B = 100 different
27 ⇥ 27 interferometric matrices for a K-sparse image � (with Nm = 50 in (b), Np = 25 in (c), and K = 25 in (d)). One considers the uv-coverage shown in
Fig. 2, ROP using ↵pb, �pb with (↵pb)q , (�pb)q ⇠i.i.d. eiU[0,2⇡), and Bernoulli modulation vectors �mb ⇠i.i.d. {±1}, 8b 2 JBK, p 2 JNpK, m 2 JNmK. Each
pixel is constructed with S = 80 reconstruction trials solving (35) where we consider success if SNR� 40dB. The probability of success ranges from black (0%) to
white (100%). Dashed red lines highlight the transition frontiers. The level curves with compression factors (97.4%, 98.7%, 99.5%) are given in (d).

Fig. 6: Phase transition curve showing NpNm = 25 ⇥ 50 modulated ROPs of
B different 27 ⇥ 27 interferometric matrices for a K-sparse image �, and K
varying into {25, 50, 100, 150, 200, 250}. One considers the uv-coverage shown
in Fig. 2 with a number of batches B ranging from 1 to 100 and corresponding
to a proportional integration time. The ROPs are obtained using ↵pb, �pb with
(↵pb)q , (�pb)q ⇠i.i.d. eiU[0,2⇡), 8b 2 JBK, p 2 JNpK, and the modulations
using Bernoulli random �m, 8m 2 JNmK. Each pixel is constructed with S = 80
reconstruction trials solving (35) where we consider success if SNR� 25dB.

K.
The success rate is also shown for the uncompressed scheme

in dashed lines. The sparse image is recovered with a minimal
number of batches B < 5, also shifted towards the right for
increasing sparsity values K. This confirms that the total number
of measurements needed for image recovery is around 1250, and
that more visibility measurements contain redundant information
about the image of interest. Obviously, the information contained
in the modulated ROP measurements z̄ = MDGF� was
already included in the visibilities GF�, so MD can only yield
additional information loss about �. The difference is that the
number of antennas Q and batches B are usually imposed by the
acquisition setting, while the number of ROP and modulations is
free and controllable.

V. CONCLUSION AND PERSPECTIVES

In this paper, we focused on the acquisition process of radio-
interferometry and proposed a compressive sensing technique
that can be applied at the level of the antennas. The novelty

of the proposition was to show that random beamforming is
tantamount to applying ROPs of the covariance matrix containing
the visibilities, and that these ROPs can be efficiently aggregated
across time by Bernoulli modulations. We provided recovery
guarantees for the batched ROP model and observed the derived
sample complexities under numerical conditions for the modulated
ROP imaging model.

This paper presented a detailed derivation of the acquisition
and imaging models and their associated sample complexities,
focusing specifically on reconstructing sparse images from the
imaging models. However, several important aspects related to
realistic imaging were left beyond the scope of this analysis.
A subsequent paper will address key questions, such as the
computational complexity of the imaging models with potential
precomputation steps, the integration of visibility weighting into
the modulated ROP framework, and a more comprehensive eval-
uation of reconstructions for realistic sky images. That work will
center on practical considerations and applications in astrophysical
imaging.
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APPENDIX A
CONNECTIONS TO MCFLI

The commonalities and differences between RI and multi-core
fiber lensless imaging (MCFLI) are reported in this section. Let
us first recall the expression of a single-pixel measurement in
MCFLI:

y = ↵
⇤I⌦[wf ]↵+ n. (36)

Eq. (36) must be compared with the ROP model for radio-
interferometric measurements in (17).
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Radio Galaxy 3C353, uSARA reconstruction
Reconstruction for the image of the Radio Galaxy 3C353 

๏ Classical reconstruction  all visibilities 
๏ Basic subsampled visibilities  
๏ Baseline dependent averaging (BDA*)  
๏ and, ours, the MROP sensing models  

Parameters: 
๏ #Visibilities ( ) / #Pixels ( ) = 14.5 
๏ Total number of measurements:  
๏ ROP compressions levels:  

 ∈ {9.8 10−1, 3.8 10−1, 6.1 10−2} 
๏ Simulated MeerKat visibilities (Q=64) 
๏ uSARA reconstruction (Terris et al, 2022) 

(inverse problem solving with “average sparsity” prior)

≡

V = Q2B N
D = PM

D/N
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MROP 13

(a) (b)

Figure 4. Ground-truth images made of 256 ⇥ 256 pixels and shown in
logarithmic scale. (a) 3c353, (b) Abell 2034, (c) Messier 106, (d) PSZ2
G165.68+44.01.

In our experiments, 25 values of dynamic range sampled as
log10(d�1) ⇠ U[�5,�3] are assigned to each of the 4 ground-truth
images, resulting in 100 unique ground-truth images covering a wide
spectrum of dynamic ranges, i.e., d 2 [103, 105].

5.2 Sensing Models

As we target a comparison between di↵erent sensing models rather
than absolute evaluations, we will simplify our numerical analysis
by considering the reconstruction of radio images of galaxies sensed
through the forward imaging models only. In other words, we do
not consider the real acquisition process nor the gap between this
acquisition and the imaging process, which is mainly modelled by
an additional (statistical) noise term and generally small compared
to other noise sources owing to a high number of samples per batch
I (Thompson et al. 1980).

The ground-truth image will be sensed through the classical
model (8), the subsampled model, the BDA model (16), and the
CROP (26) and MROP models (30). The subsampled model is used
as a trivial benchmark, placing a lower bound on the image recon-
struction quality with any more sophisticated compression model.

In all five cases, i.i.d. complex Gaussian noise ⇠ ⇠ CN(0, ⌧2
I) is

added to the visibilities as in (8), so that the additional compres-
sion operators P for subsampled, S for BDA, D for CROP, and
MD for MROP, are applied to that noise. Following Terris et al.
(2022), the standard deviation of ⇠ is modelled as ⌧ = ⌧̄

p
2L where

L :=
���Re{�⇤�}

���
S is the Lipschitz constant, or the spectral norm of

the classical operator�. This ensures that the “target dynamic range
of reconstruction” (computed as ⌧�1

p
2L, the reciprocal of the stan-

dard deviation of the back-projected noise Re{�⇤⇠}�1) is equal to
the dynamic range of the ground truth ⌧̄�1. The five resulting for-

Figure 5. One of the uv-coverages of simulated MeerKAT observations used
within our experiments, with a super-resolution factor of 1.5. (a) classical,
(b) averaged uv points with BDA, (c) subsampled uv points with Bbda = 2,
(d) subsampled uv points with Bbda = 32. Each panel is accompanied by a
zoom-in of the uv-coverage, showing baselines shorter than 1 km in its top
left corner. For BDA, the central batch’s colour is selected from the available
averaged colours. Furthermore, concentric circles appear around the centre,
depicting di↵erent averaging regimes. Each subplot lives in [0, 1)⇥[0, 1). The
uv-coverageVb associated with batch b has a unique colour, and the colours
are faded from blue for b = 1 to red for b = B.

ward imaging models are

v =W�(�) +W⇠, (43)
vsub =Wsub�sub(�) +WsubP⇠, (44)
vbda =Wbda�bda(�) +WbdaS⇠, (45)

y = DW�(�) + DW⇠, (46)
z =MDW�(�) +MDW⇠, (47)

where P 2 {0, 1}VBsub⇥VB is a selection matrix subsampling the vis-
ibilities across the batches, and �sub := P� is the subsampled for-
ward operator. Our proposed simulation setup focuses on uniform
visibility weighting for W 2 RVB⇥VB, Wsub 2 RVBsub⇥VBsub , and
Wbda 2 RVBbda⇥VBbda , where Bsub and Bbda are the numbers of sub-
sampled and BDA-ed batches. The BDA model follows a determin-
istic averaging procedure described in Wijnholds et al. (2018), and
the averaged uv-point of the corresponding averaged visibilities are
chosen to form Gbda, as described in Section 3.1.

5.3 uv-coverages and Data Sizes

Two RI arrays are considered, namely VLA and MeerKAT, with
Q = 27 antennas and V = 351 baselines for VLA, and Q = 64
antennas and V = 2016 baselines for MeerKAT. The respective total
acquisition times are set as IT B 2 {21 640, 43 232}s, and the batch
durations as IT 2 {8, 16}s, resulting in batch sizes B 2 {2 705, 2 702}.
We note that the batch durations were chosen such that its value
is small enough for the stationarity assumption below (2) to hold,
while also large enough so that, with BDA, two visibilities asso-
ciated to the longest baseline cannot be averaged without a↵ecting
reconstruction quality.
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MROP 13

Figure 4. Ground-truth images made of 256 ⇥ 256 pixels and shown in
logarithmic scale. (a) 3c353, (b) Abell 2034, (c) Messier 106, (d) PSZ2
G165.68+44.01.

In our experiments, 25 values of dynamic range sampled as
log10(d�1) ⇠ U[�5,�3] are assigned to each of the 4 ground-truth
images, resulting in 100 unique ground-truth images covering a wide
spectrum of dynamic ranges, i.e., d 2 [103, 105].

5.2 Sensing Models

As we target a comparison between di↵erent sensing models rather
than absolute evaluations, we will simplify our numerical analysis
by considering the reconstruction of radio images of galaxies sensed
through the forward imaging models only. In other words, we do
not consider the real acquisition process nor the gap between this
acquisition and the imaging process, which is mainly modelled by
an additional (statistical) noise term and generally small compared
to other noise sources owing to a high number of samples per batch
I (Thompson et al. 1980).

The ground-truth image will be sensed through the classical
model (8), the subsampled model, the BDA model (16), and the
CROP (26) and MROP models (30). The subsampled model is used
as a trivial benchmark, placing a lower bound on the image recon-
struction quality with any more sophisticated compression model.

In all five cases, i.i.d. complex Gaussian noise ⇠ ⇠ CN(0, ⌧2
I) is

added to the visibilities as in (8), so that the additional compres-
sion operators P for subsampled, S for BDA, D for CROP, and
MD for MROP, are applied to that noise. Following Terris et al.
(2022), the standard deviation of ⇠ is modelled as ⌧ = ⌧̄

p
2L where

L :=
���Re{�⇤�}

���
S is the Lipschitz constant, or the spectral norm of

the classical operator�. This ensures that the “target dynamic range
of reconstruction” (computed as ⌧�1

p
2L, the reciprocal of the stan-

dard deviation of the back-projected noise Re{�⇤⇠}�1) is equal to
the dynamic range of the ground truth ⌧̄�1. The five resulting for-

(a)

(d)(c)

(b)

Figure 5. One of the uv-coverages of simulated MeerKAT observations used
within our experiments, with a super-resolution factor of 1.5. (a) classical,
(b) averaged uv points with BDA, (c) subsampled uv points with Bbda = 2,
(d) subsampled uv points with Bbda = 32. Each panel is accompanied by a
zoom-in of the uv-coverage, showing baselines shorter than 1 km in its top
left corner. For BDA, the central batch’s colour is selected from the available
averaged colours. Furthermore, concentric circles appear around the centre,
depicting di↵erent averaging regimes. Each subplot lives in [0, 1)⇥[0, 1). The
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ward imaging models are

v =W�(�) +W⇠, (43)
vsub =Wsub�sub(�) +WsubP⇠, (44)
vbda =Wbda�bda(�) +WbdaS⇠, (45)

y = DW�(�) + DW⇠, (46)
z =MDW�(�) +MDW⇠, (47)

where P 2 {0, 1}VBsub⇥VB is a selection matrix subsampling the vis-
ibilities across the batches, and �sub := P� is the subsampled for-
ward operator. Our proposed simulation setup focuses on uniform
visibility weighting for W 2 RVB⇥VB, Wsub 2 RVBsub⇥VBsub , and
Wbda 2 RVBbda⇥VBbda , where Bsub and Bbda are the numbers of sub-
sampled and BDA-ed batches. The BDA model follows a determin-
istic averaging procedure described in Wijnholds et al. (2018), and
the averaged uv-point of the corresponding averaged visibilities are
chosen to form Gbda, as described in Section 3.1.

5.3 uv-coverages and Data Sizes

Two RI arrays are considered, namely VLA and MeerKAT, with
Q = 27 antennas and V = 351 baselines for VLA, and Q = 64
antennas and V = 2016 baselines for MeerKAT. The respective total
acquisition times are set as IT B 2 {21 640, 43 232}s, and the batch
durations as IT 2 {8, 16}s, resulting in batch sizes B 2 {2 705, 2 702}.
We note that the batch durations were chosen such that its value
is small enough for the stationarity assumption below (2) to hold,
while also large enough so that, with BDA, two visibilities asso-
ciated to the longest baseline cannot be averaged without a↵ecting
reconstruction quality.
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MeerKat visibilities

3C353

Chandra & VLA

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

* S.J. Wijnholds et al (2018)
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Figure 8. Reconstruction results of the 3c353 image with a dynamic range d = 1.1 103 and sampled in the regime VB/N = 83.1 with MeerKAT. Each row
shows, from left to right, the dirty image �d, image reconstruction e� (in logarithmic scale), residual dirty image r, and relative error map �r for each sensing
model. Values of the evaluation metrics (SNR, logSNR) and the compression ratios (D/VB, D/N) are reported at the top and the bottom of each reconstructed
image, respectively. The first three rows show the results using the classical, BDA, and subsampled (VBsub = 64 512) models, respectively. The last three rows
show the results using the MROP model with D/N 2 {9.8 10�1, 3.8 10�1, 6.1 10�2}.
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Figure 8. Reconstruction results of the 3c353 image with a dynamic range d = 1.1 103 and sampled in the regime VB/N = 83.1 with MeerKAT. Each row
shows, from left to right, the dirty image �d, image reconstruction e� (in logarithmic scale), residual dirty image r, and relative error map �r for each sensing
model. Values of the evaluation metrics (SNR, logSNR) and the compression ratios (D/VB, D/N) are reported at the top and the bottom of each reconstructed
image, respectively. The first three rows show the results using the classical, BDA, and subsampled (VBsub = 64 512) models, respectively. The last three rows
show the results using the MROP model with D/N 2 {9.8 10�1, 3.8 10�1, 6.1 10�2}.
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Conclusions and perspectives
Summary: 

๏ Interferometry and “beamforming” → ROP + Fourier 
(also used in Optics: random illumination with multicore fibers)  

๏ Additional compression for multiple STI → modulated ROP  
๏ Theory + simulations and experimental data confirmation 
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Conclusions and perspectives
Summary: 

๏ Interferometry and “beamforming” → ROP + Fourier 
(also used in Optics: random illumination with multicore fibers)  

๏ Additional compression for multiple STI → modulated ROP  
๏ Theory + simulations and experimental data confirmation 

Open questions: 
๏ Integrating frequency weighting? 
๏ Faster ROP models? 
๏ Calibration through beamforming sensing?
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Thank you for your attention!
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Beyond astronomy… a more general distributed or dynamical context
Linked covariance model:  
   Given  datasets , all of the same size , with . 

        with , with for some common  

B 𝒳b = {x(b)
i }N

i=1 ⊂ ℝd N 1 ≤ b ≤ B

x(b)
i ∼iid 𝒩(0, Σb) Σb = 𝒮b(θ) ∈ ℝd×d, θ ∈ ℝK
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Beyond astronomy… a more general distributed or dynamical context
Linked covariance model:  
   Given  datasets , all of the same size , with . 

        with , with for some common  

1st measurement process: for  

Measurement compression: for , ,  

     Research question: Can we estimate  from  ?

B 𝒳b = {x(b)
i }N

i=1 ⊂ ℝd N 1 ≤ b ≤ B

x(b)
i ∼iid 𝒩(0, Σb) Σb = 𝒮b(θ) ∈ ℝd×d, θ ∈ ℝK

α(b)
i , β(b)

i ∼ 𝒩(0, Id)

γ(g) ∼ 𝒰{±1}B 1 ≤ g ≤ G

θ z
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Figure 2. Computation schemes with batchwise implementations. (a-c) computations at the acquisition: from the antenna signals X to the (compressed) visibilities. (a) Classical acquisition. For each batch b, the
sample covariance matrix is computed as Cb =

1
I
PI

i=1 xb[i]xb[i]⇤. Selecting the upper triangular part of the covariance matrices provides the visibilities in T Cb. The visibilities can be weighted as TfWb � T Cb =

T eCb. An optional random Gaussian compression of the (vectorised) visibilities v is possible using an i.i.d. random Gaussian matrix A as y = Av. Its batchwise implementation (not shown here) implies aggregating
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Lensless endoscopy: focused mode

Thank you!
Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive

optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Andresen et al., 2016.
Thank you!

Andresen, Esben Ravn et al. (2016). “Ultrathin endoscopes based on multicore fibers and adaptive
optics: a status review and perspectives”. In: Journal of biomedical optics 21.12, p. 121506.

Sivankutty, Siddharth et al. (2018). “Nonlinear imaging through a Fermat’s golden spiral multicore
fiber”. In: Optics letters 43.15, pp. 3638–3641.

Sivankutty et al., 2018.

MCF

Raster Scanning

Biological sample

Sensing model

⇤<latexit sha1_base64="Anrx9ryozq1TPNaS967LX6V7j7o="></latexit><latexit sha1_base64="Anrx9ryozq1TPNaS967LX6V7j7o="></latexit><latexit sha1_base64="Anrx9ryozq1TPNaS967LX6V7j7o="></latexit><latexit sha1_base64="Anrx9ryozq1TPNaS967LX6V7j7o="></latexit> =<latexit sha1_base64="gYagRxlt5OQDzfH0396eCiWPV3A="></latexit><latexit sha1_base64="gYagRxlt5OQDzfH0396eCiWPV3A="></latexit><latexit sha1_base64="gYagRxlt5OQDzfH0396eCiWPV3A="></latexit><latexit sha1_base64="gYagRxlt5OQDzfH0396eCiWPV3A="></latexit>

respectively, while the standard deviation on the diameter is
about 15 × 10−3 mm. Germanium-doped glass rods drawn
from a preform with a maximum index difference of 30 × 10−3
with regard to silica (parabolic index—Prysmian Group) are
then inserted into these holes. This preform is drawn in two
steps into a MCF with an outer diameter of 176 μm, fiber core
diameter core of 3.6 μm, and a beam divergence of 0.11 rad,
and the average nearest-neighbor distance, Λ, is determined to
be 11.8 μm. The MCF core diameter, the index profile, and
minimal core–core spacing were chosen similar to earlier hex-
agonal MCFs that were optimized for crosstalk [3] and low
inter-core group delay dispersion [15]. We measure the average
inter-core group delay dispersion in a 400 mm long MCF to be
less than 128 fs, which is less than the initial pulse width. This is
a result of the very high homogeneity of the group indices of the
cores and is comparable to the conventional MCFs in a hexago-
nal tiling [16]. This indicates that there are no additional stress-
related distortions during the fabrication of the drilled preform or
in the drawing process in these Fermat’s spiral MCFs.

In order to characterize the sidelobe levels and the imaging
performance with pulsed light, we work with an experimental
setup whose simplified schematic is presented in Fig. 3(c).
A key element of the setup is a liquid crystal spatial light modu-
lator (SLM, X10468, Hamamatsu) upon which the phase of a
lenslet array is inscribed. The positions of the individual lenses
of this array match the positions of the fiber cores themselves.
The source is a pulsed Ti:Sapphire laser (Chameleon, Coherent
Inc.) operating at 920 nm, delivering 150 fs pulses at 80 MHz.
After reflection off the SLM, the laser beam converges to an
array of spots arranged in the Fermat’s spiral. A further demag-
nification by a factor 55 matches the foci array to the size and
the NA of the fiber cores themselves. In this study, we used a
400 mm long fiber held relatively straight to preclude any tem-
poral distortion of the pulses. The fiber end facet is imaged
onto a CMOS camera (Flea3, FLIR) with a magnification
of 16.5×. The MCF distal end is mounted on a translation
stage, such that we can image axial planes a few hundred
micrometers away from the facet as well to examine their dif-
fraction patterns.

At 920 nm, we observe the LP11 mode group when the
launch spot is offset from the center of the individual fiber
cores. This is detrimental to delivering ultrashort pulses.
Hence, fine alignment is done iteratively for all the cores mon-
itoring the mode intensity profile at the distal end. This quickly
converges to an optimum launch into the fundamental LP01
mode, usually in two iterations. Figure 3(b) is an example when
the coupling is optimal and no higher-order modes are visible.
This ensures we can phase all the LP01 modes with very high
fidelity employing a simple phase term (a “piston”) on each vir-
tual lenslet using the SLM. After traversing the bundle, light in
each core acquires a random phase difference with regard to a
reference (typically the central core). This manifests as an in-
tensity distribution resembling a speckle at a plane 500 μm
away from the center. So an initial compensation of this phase
distortion is performed as reported in Ref. [3]. Since the SLM
works only with p-polarized light and the output polarization
state of each of the beamlets is random [7], we choose to work
with only a single component of polarization. This results in the
intensity patterns visualized in Figs. 4(a) and 4(b) at a plane
500 μm away from the fiber. We choose this plane in particular,
since it offers the optimal combination in terms of overlap of the

individual beamlets from the cores, thereby maximizing the Strehl
ratio, the resolution, and field of view (FoV) for the imaging
experiments.

The main metric of interest for us is the sidelobe levels in the
Fresnel regime. Figure 4(a) is an example of such a generated
focus. In addition to the intense central peak, we also observe
the characteristic AF of the Fermat’s golden spiral, with the side-
lobes at a radius ≈45 μm that appear in the log plot in Fig. 4(b).
The highest of the sidelobes exhibits a contrast of −10.9 dB
compared to the peak [Fig. 4(c)], and the average of the highest
30 speckle grains in the first ring is measured to be approximately
−12 dB. In comparison, for the true far-field operation, we
measure the peak sidelobe to be at −11.7 dB (data not shown).
We observe that there is a marginal increase of the sidelobe levels
and the nonspecific background speckle as compared to the far-
field operation. We interpret this as the result of the imperfect
spatial overlap of the individual beamlets in this intermediate
regime. Another clear advantage of the Fermat’s spiral shows
up as the highly contrasted region between the central lobe and
the sidelobes even in this intermediate regime. In the earlier ap-
proaches [8,9], such a region could not be engineered due to
inherent randomness of the design of the array.

From Fig. 4(c), the full width at half maximum (FWHM) of
the central lobe is measured to be 3.2 μm and, in turn, the
resolution of our eventual two-photon images to be ≈2.2 μm.
When we calculate the azimuthal average of the intensity over
the annulus corresponding to the smeared sidelobes, we obtain
an average sidelobe level of −17.8 dB [Fig. 4(d)]. Since the non-
linear signal is dependent on the peak irradiation, this spatial
smearing further reduces their contribution to any spurious sig-
nals. On all relevant metrics, the golden spiral design clearly out-
performs our earlier pseudo-random aperiodic fiber where we
obtained an experimental peak sidelobe level of −4.8 dB while
maintaining a superior packing fraction (ΛFermat ! 11.8 μm
c.f. ΛPR ! 15 μm).

Fig. 4. (a) Experimental intensity images at a plane 500 μm away
from the fiber endface. (b) Corresponding log-plot highlighting the
sidelobes at ≈45 μm and the nonspecific speckle background.
(c) Intensity plot of the central and the highest sidelobes indicated
by the dashed line in panel (a). (d) Azimuthal average of the intensities
of the speckle grains denoted by the annulus in panel (b).
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lator (SLM, X10468, Hamamatsu) upon which the phase of a
lenslet array is inscribed. The positions of the individual lenses
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stage, such that we can image axial planes a few hundred
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launch spot is offset from the center of the individual fiber
cores. This is detrimental to delivering ultrashort pulses.
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itoring the mode intensity profile at the distal end. This quickly
converges to an optimum launch into the fundamental LP01
mode, usually in two iterations. Figure 3(b) is an example when
the coupling is optimal and no higher-order modes are visible.
This ensures we can phase all the LP01 modes with very high
fidelity employing a simple phase term (a “piston”) on each vir-
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each core acquires a random phase difference with regard to a
reference (typically the central core). This manifests as an in-
tensity distribution resembling a speckle at a plane 500 μm
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distortion is performed as reported in Ref. [3]. Since the SLM
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with only a single component of polarization. This results in the
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individual beamlets from the cores, thereby maximizing the Strehl
ratio, the resolution, and field of view (FoV) for the imaging
experiments.

The main metric of interest for us is the sidelobe levels in the
Fresnel regime. Figure 4(a) is an example of such a generated
focus. In addition to the intense central peak, we also observe
the characteristic AF of the Fermat’s golden spiral, with the side-
lobes at a radius ≈45 μm that appear in the log plot in Fig. 4(b).
The highest of the sidelobes exhibits a contrast of −10.9 dB
compared to the peak [Fig. 4(c)], and the average of the highest
30 speckle grains in the first ring is measured to be approximately
−12 dB. In comparison, for the true far-field operation, we
measure the peak sidelobe to be at −11.7 dB (data not shown).
We observe that there is a marginal increase of the sidelobe levels
and the nonspecific background speckle as compared to the far-
field operation. We interpret this as the result of the imperfect
spatial overlap of the individual beamlets in this intermediate
regime. Another clear advantage of the Fermat’s spiral shows
up as the highly contrasted region between the central lobe and
the sidelobes even in this intermediate regime. In the earlier ap-
proaches [8,9], such a region could not be engineered due to
inherent randomness of the design of the array.

From Fig. 4(c), the full width at half maximum (FWHM) of
the central lobe is measured to be 3.2 μm and, in turn, the
resolution of our eventual two-photon images to be ≈2.2 μm.
When we calculate the azimuthal average of the intensity over
the annulus corresponding to the smeared sidelobes, we obtain
an average sidelobe level of −17.8 dB [Fig. 4(d)]. Since the non-
linear signal is dependent on the peak irradiation, this spatial
smearing further reduces their contribution to any spurious sig-
nals. On all relevant metrics, the golden spiral design clearly out-
performs our earlier pseudo-random aperiodic fiber where we
obtained an experimental peak sidelobe level of −4.8 dB while
maintaining a superior packing fraction (ΛFermat ! 11.8 μm
c.f. ΛPR ! 15 μm).

Fig. 4. (a) Experimental intensity images at a plane 500 μm away
from the fiber endface. (b) Corresponding log-plot highlighting the
sidelobes at ≈45 μm and the nonspecific speckle background.
(c) Intensity plot of the central and the highest sidelobes indicated
by the dashed line in panel (a). (d) Azimuthal average of the intensities
of the speckle grains denoted by the annulus in panel (b).
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respectively, while the standard deviation on the diameter is
about 15 × 10−3 mm. Germanium-doped glass rods drawn
from a preform with a maximum index difference of 30 × 10−3
with regard to silica (parabolic index—Prysmian Group) are
then inserted into these holes. This preform is drawn in two
steps into a MCF with an outer diameter of 176 μm, fiber core
diameter core of 3.6 μm, and a beam divergence of 0.11 rad,
and the average nearest-neighbor distance, Λ, is determined to
be 11.8 μm. The MCF core diameter, the index profile, and
minimal core–core spacing were chosen similar to earlier hex-
agonal MCFs that were optimized for crosstalk [3] and low
inter-core group delay dispersion [15]. We measure the average
inter-core group delay dispersion in a 400 mm long MCF to be
less than 128 fs, which is less than the initial pulse width. This is
a result of the very high homogeneity of the group indices of the
cores and is comparable to the conventional MCFs in a hexago-
nal tiling [16]. This indicates that there are no additional stress-
related distortions during the fabrication of the drilled preform or
in the drawing process in these Fermat’s spiral MCFs.

In order to characterize the sidelobe levels and the imaging
performance with pulsed light, we work with an experimental
setup whose simplified schematic is presented in Fig. 3(c).
A key element of the setup is a liquid crystal spatial light modu-
lator (SLM, X10468, Hamamatsu) upon which the phase of a
lenslet array is inscribed. The positions of the individual lenses
of this array match the positions of the fiber cores themselves.
The source is a pulsed Ti:Sapphire laser (Chameleon, Coherent
Inc.) operating at 920 nm, delivering 150 fs pulses at 80 MHz.
After reflection off the SLM, the laser beam converges to an
array of spots arranged in the Fermat’s spiral. A further demag-
nification by a factor 55 matches the foci array to the size and
the NA of the fiber cores themselves. In this study, we used a
400 mm long fiber held relatively straight to preclude any tem-
poral distortion of the pulses. The fiber end facet is imaged
onto a CMOS camera (Flea3, FLIR) with a magnification
of 16.5×. The MCF distal end is mounted on a translation
stage, such that we can image axial planes a few hundred
micrometers away from the facet as well to examine their dif-
fraction patterns.

At 920 nm, we observe the LP11 mode group when the
launch spot is offset from the center of the individual fiber
cores. This is detrimental to delivering ultrashort pulses.
Hence, fine alignment is done iteratively for all the cores mon-
itoring the mode intensity profile at the distal end. This quickly
converges to an optimum launch into the fundamental LP01
mode, usually in two iterations. Figure 3(b) is an example when
the coupling is optimal and no higher-order modes are visible.
This ensures we can phase all the LP01 modes with very high
fidelity employing a simple phase term (a “piston”) on each vir-
tual lenslet using the SLM. After traversing the bundle, light in
each core acquires a random phase difference with regard to a
reference (typically the central core). This manifests as an in-
tensity distribution resembling a speckle at a plane 500 μm
away from the center. So an initial compensation of this phase
distortion is performed as reported in Ref. [3]. Since the SLM
works only with p-polarized light and the output polarization
state of each of the beamlets is random [7], we choose to work
with only a single component of polarization. This results in the
intensity patterns visualized in Figs. 4(a) and 4(b) at a plane
500 μm away from the fiber. We choose this plane in particular,
since it offers the optimal combination in terms of overlap of the
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experiments.
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lobes at a radius ≈45 μm that appear in the log plot in Fig. 4(b).
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compared to the peak [Fig. 4(c)], and the average of the highest
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−12 dB. In comparison, for the true far-field operation, we
measure the peak sidelobe to be at −11.7 dB (data not shown).
We observe that there is a marginal increase of the sidelobe levels
and the nonspecific background speckle as compared to the far-
field operation. We interpret this as the result of the imperfect
spatial overlap of the individual beamlets in this intermediate
regime. Another clear advantage of the Fermat’s spiral shows
up as the highly contrasted region between the central lobe and
the sidelobes even in this intermediate regime. In the earlier ap-
proaches [8,9], such a region could not be engineered due to
inherent randomness of the design of the array.

From Fig. 4(c), the full width at half maximum (FWHM) of
the central lobe is measured to be 3.2 μm and, in turn, the
resolution of our eventual two-photon images to be ≈2.2 μm.
When we calculate the azimuthal average of the intensity over
the annulus corresponding to the smeared sidelobes, we obtain
an average sidelobe level of −17.8 dB [Fig. 4(d)]. Since the non-
linear signal is dependent on the peak irradiation, this spatial
smearing further reduces their contribution to any spurious sig-
nals. On all relevant metrics, the golden spiral design clearly out-
performs our earlier pseudo-random aperiodic fiber where we
obtained an experimental peak sidelobe level of −4.8 dB while
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tensity distribution resembling a speckle at a plane 500 μm
away from the center. So an initial compensation of this phase
distortion is performed as reported in Ref. [3]. Since the SLM
works only with p-polarized light and the output polarization
state of each of the beamlets is random [7], we choose to work
with only a single component of polarization. This results in the
intensity patterns visualized in Figs. 4(a) and 4(b) at a plane
500 μm away from the fiber. We choose this plane in particular,
since it offers the optimal combination in terms of overlap of the

individual beamlets from the cores, thereby maximizing the Strehl
ratio, the resolution, and field of view (FoV) for the imaging
experiments.

The main metric of interest for us is the sidelobe levels in the
Fresnel regime. Figure 4(a) is an example of such a generated
focus. In addition to the intense central peak, we also observe
the characteristic AF of the Fermat’s golden spiral, with the side-
lobes at a radius ≈45 μm that appear in the log plot in Fig. 4(b).
The highest of the sidelobes exhibits a contrast of −10.9 dB
compared to the peak [Fig. 4(c)], and the average of the highest
30 speckle grains in the first ring is measured to be approximately
−12 dB. In comparison, for the true far-field operation, we
measure the peak sidelobe to be at −11.7 dB (data not shown).
We observe that there is a marginal increase of the sidelobe levels
and the nonspecific background speckle as compared to the far-
field operation. We interpret this as the result of the imperfect
spatial overlap of the individual beamlets in this intermediate
regime. Another clear advantage of the Fermat’s spiral shows
up as the highly contrasted region between the central lobe and
the sidelobes even in this intermediate regime. In the earlier ap-
proaches [8,9], such a region could not be engineered due to
inherent randomness of the design of the array.

From Fig. 4(c), the full width at half maximum (FWHM) of
the central lobe is measured to be 3.2 μm and, in turn, the
resolution of our eventual two-photon images to be ≈2.2 μm.
When we calculate the azimuthal average of the intensity over
the annulus corresponding to the smeared sidelobes, we obtain
an average sidelobe level of −17.8 dB [Fig. 4(d)]. Since the non-
linear signal is dependent on the peak irradiation, this spatial
smearing further reduces their contribution to any spurious sig-
nals. On all relevant metrics, the golden spiral design clearly out-
performs our earlier pseudo-random aperiodic fiber where we
obtained an experimental peak sidelobe level of −4.8 dB while
maintaining a superior packing fraction (ΛFermat ! 11.8 μm
c.f. ΛPR ! 15 μm).

Fig. 4. (a) Experimental intensity images at a plane 500 μm away
from the fiber endface. (b) Corresponding log-plot highlighting the
sidelobes at ≈45 μm and the nonspecific speckle background.
(c) Intensity plot of the central and the highest sidelobes indicated
by the dashed line in panel (a). (d) Azimuthal average of the intensities
of the speckle grains denoted by the annulus in panel (b).
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<latexit sha1_base64="eRQj2qzDV28gUCC/NHbXaVU9Gzc=">AAAB+nicbVA7T8MwGHTKq5RXCiOLRYvEVCUVAsYKFsYi0YfURpHjuK2pYwfbAVWhP4WFAYRY+SVs/BucNgO0nGT5dPd98vmCmFGlHefbKqysrq1vFDdLW9s7u3t2eb+tRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4yvMr/zQKSigt/qSUy8CA05HVCMtJF8u1ztB4KFahKZC977d1Xfrjg1Zwa4TNycVECOpm9/9UOBk4hwjRlSquc6sfZSJDXFjExL/USRGOExGpKeoRxFRHnpLPoUHhslhAMhzeEaztTfGymKVBbOTEZIj9Sil4n/eb1EDy68lPI40YTj+UODhEEtYNYDDKkkWLOJIQhLarJCPEISYW3aKpkS3MUvL5N2veae1U5v6pXGZV5HERyCI3ACXHAOGuAaNEELYPAInsEreLOerBfr3fqYjxasfOcA/IH1+QOVV5OR</latexit>qj

<latexit sha1_base64="SdHqrc0WXhKdzKnpYnXhG4hKfvg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2dvbgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKUw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwxGNzP/8YlrIxL1gOOU+zEdKBEJRtFK99Ww2i9X3Jo7B1klXk4qkKPZL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRlf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOBOI1J</latexit>
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<latexit sha1_base64="BjHMtNd0mUlEH7568s5PTWXkV5E=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIiHxEuZG7Zg5W9vcvungkh/AsbC42x9d/Y+W9c4AoFXzLJy3szmZkXJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm5nfemJK81jem3HC/AgHkoecorHSQ7mLIhli77HcK5bcijsHWSVeRkqQod4rfnX7MU0jJg0VqHXHcxPjT1AZTgWbFrqpZgnSEQ5Yx1KJEdP+ZH7xlJxZpU/CWNmShszV3xMTjLQeR4HtjNAM9bI3E//zOqkJr/wJl0lqmKSLRWEqiInJ7H3S54pRI8aWIFXc3kroEBVSY0Mq2BC85ZdXSbNa8S4q1btqqXadxZGHEziFc/DgEmpwC3VoAAUJz/AKb452Xpx352PRmnOymWP4A+fzB8hjkFY=</latexit>↵j
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Back to the model…
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<latexit sha1_base64="tOO1nICCIaKshptMjjCDguve/c4=">AAAB+nicbVA7T8MwGHR4lvJKYWSxaJGYqqRCwFjBwlgk+pDaKHIcp7Xq2MF2QFXoT2FhACFWfgkb/wanzQAtJ1k+3X2ffL4gYVRpx/m2VlbX1jc2S1vl7Z3dvX27ctBRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDcbXud99IFJRwe/0JCFejIacRhQjbSTfrtQGgWChmsTmgvf+uObbVafuzACXiVuQKijQ8u2vQShwGhOuMUNK9V0n0V6GpKaYkWl5kCqSIDxGQ9I3lKOYKC+bRZ/CE6OEMBLSHK7hTP29kaFY5eHMZIz0SC16ufif1091dOlllCepJhzPH4pSBrWAeQ8wpJJgzSaGICypyQrxCEmEtWmrbEpwF7+8TDqNunteP7ttVJtXRR0lcASOwSlwwQVoghvQAm2AwSN4Bq/gzXqyXqx362M+umIVO4fgD6zPH5bck5I=</latexit>qk

<latexit sha1_base64="hY2FB9e34fpat14Ybw7N7lxiB14=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIiYIQLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkvWMtwI9pAohlEgWCcY38z8zhNTmsfy3kwS5kc4lDzkFI2VHqs9FMkI++Nqv1xxa+4cZJV4OalAjma//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0q7XvIta/a5eaVzncRThBE7hHDy4hAbcQhNaQEHCM7zCm6OdF+fd+Vi0Fpx85hj+wPn8AcnokFc=</latexit>↵k

<latexit sha1_base64="eRQj2qzDV28gUCC/NHbXaVU9Gzc=">AAAB+nicbVA7T8MwGHTKq5RXCiOLRYvEVCUVAsYKFsYi0YfURpHjuK2pYwfbAVWhP4WFAYRY+SVs/BucNgO0nGT5dPd98vmCmFGlHefbKqysrq1vFDdLW9s7u3t2eb+tRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4yvMr/zQKSigt/qSUy8CA05HVCMtJF8u1ztB4KFahKZC977d1Xfrjg1Zwa4TNycVECOpm9/9UOBk4hwjRlSquc6sfZSJDXFjExL/USRGOExGpKeoRxFRHnpLPoUHhslhAMhzeEaztTfGymKVBbOTEZIj9Sil4n/eb1EDy68lPI40YTj+UODhEEtYNYDDKkkWLOJIQhLarJCPEISYW3aKpkS3MUvL5N2veae1U5v6pXGZV5HERyCI3ACXHAOGuAaNEELYPAInsEreLOerBfr3fqYjxasfOcA/IH1+QOVV5OR</latexit>qj

<latexit sha1_base64="SdHqrc0WXhKdzKnpYnXhG4hKfvg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIEL2dvbgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKUw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwxGNzP/8YlrIxL1gOOU+zEdKBEJRtFK99Ww2i9X3Jo7B1klXk4qkKPZL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRlf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOBOI1J</latexit>
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<latexit sha1_base64="tOO1nICCIaKshptMjjCDguve/c4=">AAAB+nicbVA7T8MwGHR4lvJKYWSxaJGYqqRCwFjBwlgk+pDaKHIcp7Xq2MF2QFXoT2FhACFWfgkb/wanzQAtJ1k+3X2ffL4gYVRpx/m2VlbX1jc2S1vl7Z3dvX27ctBRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDcbXud99IFJRwe/0JCFejIacRhQjbSTfrtQGgWChmsTmgvf+uObbVafuzACXiVuQKijQ8u2vQShwGhOuMUNK9V0n0V6GpKaYkWl5kCqSIDxGQ9I3lKOYKC+bRZ/CE6OEMBLSHK7hTP29kaFY5eHMZIz0SC16ufif1091dOlllCepJhzPH4pSBrWAeQ8wpJJgzSaGICypyQrxCEmEtWmrbEpwF7+8TDqNunteP7ttVJtXRR0lcASOwSlwwQVoghvQAm2AwSN4Bq/gzXqyXqx362M+umIVO4fgD6zPH5bck5I=</latexit>qk
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Back to the model…
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However, speckles are interferences:

Can we do compressive sensing? 
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<latexit sha1_base64="Rkb/xTqYr7knk+73r5qlecmwChE="></latexit>x

<latexit sha1_base64="sXh38tTI82HSX5T/kcv7QAnZL30="></latexit>
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Back to the model…
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However, speckles are interferences: (Under far-field approximation)

Can we do compressive sensing? 
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with the (Hermitian) interferometric matrix
<latexit sha1_base64="7iFecopedYAjjZEZ51H4IHuuK6I="></latexit>

I[wf ] 2 CQ⇥Q s.t.
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<latexit sha1_base64="7iFecopedYAjjZEZ51H4IHuuK6I="></latexit>

I[wf ] 2 CQ⇥Q s.t.

✦ Lattices are bad core arrangements 
✦ Fermat’s spiral is not bad

of nano-antenna arrays [12] and demonstrated on an eight-
element array [13]. A key difference in our work, unlike in typical
phased array configurations, the lensless endoscope operates in
the Fresnel regime with only an imperfect overlap of the individ-
ual beamlets from the cores. Hence, we simulate the performance
of the Fermat’s spiral array and the conventional hexagonal array
with the angular spectrum approach in this intermediate regime.
Figures 1(a) and 1(b) show the geometry of the considered MCF
in both configurations with a divergence of 0.12 rad, and
Figs. 1(c) and 1(d) are images of the diffraction patterns at a dis-
tance 500 μm away from the MCF facet. Note that an additional
quadratic phase is imposed to generate a focal spot at this plane
to enable a visual comparison of the eventual point spread func-
tion (PSF) of the lensless endoscope in either case.

Since the NA of the individual cores and the minimal dis-
tance between them (Λ) are chosen to support only the funda-
mental mode of the core and ensure no inter-core coupling [14],
all the parameters of the spiral naturally emerge with no further
need to optimize any design parameters. Clearly, given a degree
of overlap of the individual beamlets, the Fermat’s spiral MCF
exhibits a PSF that is centrally peaked [Fig. 1(d)] in comparison
with the PSF with multiple satellite peaks associated with the
hexagonal array [Fig. 1(c)]. We also highlight in the case of
the hexagonal array, the axial diffracted intensity patterns de-
picted in Fig. 2(a), which exhibit intense on-axis and satellite
foci. In comparison, the intensity pattern of the Fermat’s spiral
exhibits no such self-imaging of the array itself, and no significant
on/off-axis foci appear in Fig. 2(b). This is the key insight: the
aperiodicity offered by the Fermat’s spiral ensures there are no
common positions in space where all the beamlets are in phase
due to the geometric reasons (see Visualization 1). This is clear in
Figs. 1(c) and 1(d) where the energy of the incident beamlets is
localized to six intense satellite focal spots occupying an effective
area of 48 μm2, whereas it is distributed over an effective area
of 240 μm2 for the Fermat’s spiral. Hence, given our experimen-
tal constraints, we identify the Fermat’s spiral as a near optimal

design for sidelobe reduction in lensless endoscopes while main-
taining a high packing efficiency.

We fabricated a novel 120-core golden spiral MCF as de-
picted in the electron micrograph in Fig. 3(a) in the following
fashion: initially 120 holes of 2.1 mm diameter following the
Fermat’s spiral are drilled into a 50 mm silica rod up to a depth
of 230 mm. The standard deviations of the positions from the
Fermat’s spiral on both the inlet and outlet face with respect to
the drilling are only around 4 × 10−3 mm and 9 × 10−2 mm,

Fig. 1. Calculations: (a) layout of the fiber cores in a hexagonal tiling and
(b) in a Fermat’s spiral. (c), (d) Simulated intensity PSFs with an intermedi-
ate focus (with an added quadratic phase) at a distance z ! 500 μm from
the fiber for the hexagonal and the Fermat’s spiral arrangement.

Fig. 2. Calculations: (a) xz cut of the diffracted intensity pattern by
the cores in a hexagonal arrangement where intense foci appear peri-
odically in x and z directions. (b) Same plot for the cores arranged in a
Fermat’s spiral where the foci are replaced by a broader speckle back-
ground. Note that both images are plotted on the same color scale.

Fig. 3. (a) Electron micrograph of the Fermat’s spiral MCF. (b) End
facet of the fiber with laser light coupled. (c) Simplified view of the
setup used to characterize the imaging performance of the MCF.
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Observation 1: denser Fourier sampling if
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<latexit sha1_base64="7iFecopedYAjjZEZ51H4IHuuK6I="></latexit>

I[wf ] 2 CQ⇥Q s.t.
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with the (Hermitian) interferometric matrix
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Sample complexities of interest:
<latexit sha1_base64="eoogPFK9asbwzuaFOJZEBLOjQmw="></latexit>

Does � capture enough from I? $ m big enough?
<latexit sha1_base64="4jVp0N7CkJE9IlwfTY7TyHnCmAc="></latexit>

Does I capture enough from f? $ Q big enough?
<latexit sha1_base64="S/cBcPA7//sMQLBvk+zHeZNjmMo="></latexit>

Core arrangement?

<latexit sha1_base64="KsdE8xnlffGtOsSrErQTUqounE0="></latexit>

y = (y↵1 , · · · , y↵m)> = �(I[wf ]) + noise,

<latexit sha1_base64="xfQUhb7NdRlJuT77SVLj5U/QMhA="></latexit>

Q⇥Q

<latexit sha1_base64="P11t3XrZTfdDRFOUbPPxoU8V/M4="></latexit>

m⇥Q2

Composition of two sensing methods 
1

2

1

2

A few answers from a few simplifications …
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Fig. 2: Phase transition diagrams. We consider M SROP of a Q ⇥ Q interferometric matrix of a K-sparse object f . One considers a uniformly random 1-D
core arrangement and SROP using circularly-symmetric unit-norm random {↵m}Mm=1. Each pixel of the transition matrices is constructed with 80 reconstruction
trials solving (35) where we consider success if SNR� 40dB. The probability of success ranges from black (0%) to white (100%). The dashed red lines are
visual support linking the transition frontiers with the samples complexities provided in Sec. IV-A and Sec. IV-C. In (c), the line only coincides with low values
of V due to multiplicity effects.

Fig. 3: Transition curves obtained with |V| = 240, ensuring a widespread
Fourier sampling. The success rate is computed from 100 reconstruction trials.
One observes a right shift of the transition abscissa for an increasing number
K of spikes in f , meaning more SROP are necessary to reconstruct the
inteferometric matrix.

same lens [55]. In practice, we place the fiber at the
focal plane of the Objective lens (Obj2), but the conjugate
focal plane where the object needs to be placed is not
physically accessible. Hence, the two lenses L1 and L2

(75 and 100mm, respectively) re-image this plane to a
more convenient location on the optical bench. Given, the
parameters of our setup, the tolerance of placing the object
in the plane is ±3.5mm which is easily satisfied with
standard positioning equipment.

This plane is further re-imaged by the lenses L1 and L2 on
to a CMOS camera (BFLY-U3-23S6M-C, FLIR) which aids in
the calibration of the system desribed in Sec. V-B, positioning
the object and obtain the transfer matrix of the fiber. We
also emulate single-pixel detection with same CMOS camera
by numerically summing up the pixels of the image. Each
measurement is obtained with an integration time of 19.2ms.
OD filters are used to match the light intensity to the maximal
dynamic range of the camera for better measuring accuracy.

Working in transmission mode, the considered object to be
imaged, contoured in Fig. 5(right), is part of a negative 1951
USAF test target mask, i.e., f(x) 2 {0, 1}, 8x 2 R2. The
CMOS camera is hence highly sensitive to the incoming light
remained at the constant wavelength �.

B. SLM to speckle calibration

In practice, the optical system contains imperfections hard
to model, and about the hypotheses stated in Sec. II-A (i)
estimating the core positions is limited by the gridding of the
camera sensor array (ii) the imaging depth z is a priori unknown.

Consequently, we adopt the approach described in Sec. II-C.
This section aims to detail a calibration phase necessary to
estimate the complex wavefields Eq(x) = rq(x)ei'q(x) (written
in polar format) emitted by each core q 2 [Q] in the object plane
Z . The calibration data consists in, for each core q and 8 phase
steps �k = 2⇡k

8 , k 2 [8], saving the fringe image I0q(x;�k)
captured by the camera that has been produced by interfering
the light emitted by a reference core 0 and core q:

I0q(x;�k) =
��r0(x)ei'0(x)+�k + rq(x)ei'q(x)

��2

= I 0q(x) + Iq”(x) cos
�
'0q(x) + �k

�
,

where I 0q := r20 + r2q , Iq” := 2r0rq and '0q := '0 � 'q .
Concatenating the 8 fringes associated to each core q in a 3-D
tensor T 2 RN⇥N⇥8, computing the 8-long FFT of T along
the phase step axis and dividing its last coefficient (equal to
4Iq”(x)e�i'0q(x)) by 8r0(x) (that must also be measured) gives

Ẽq(x) = rq(x)e�i'0q(x).

Finally, the ability to create a focus at the center x0 of the
camera plane [23, Fig.2(a)] is ensured by compensating the
dephasing due to the path difference of the light travelling in
each core up to x0 as

Êq(x) = Ẽq(x)e�i arg Ẽq(x0) = rq(x)e�i'0q(x�x0). (36)

The knowledge of these fields is sufficient to compute
any speckle S(x;↵) generated from a sketch vector ↵ =
(|↵q|ei✓q )Qq=1 using (13). Indeed, the influence of '0 in (36)
is constant for all cores q and will disappear with the square
modulus taken for building an image in intensity.
It is easy to see from (36) that choosing flat phases ✓ =
0 will yield constructive interferences at the focusing point
x0 (we generally set x0 = 0, as implicitely considered in
Sec. II-B). Assuming (1) holds, each complex map writes
Eq(x) =

p
w(x)e

i2⇡
�z p>

q x; it is then possible to estimate the
cores positions by taking the Fourier transform of each calibra-
tion slice.

C. Results

Here we provide the sensing model and present experimental
results obtained with the setup shown in Fig. 4 and that use
the complex wavefields estimated from the calibration step
explained in Sec. V-B.

In accordance with A.6 and in order to maximize the power
of light injected in the cores, we only drew the phases of the
sketches as arg↵q ⇠

i.i.d.
U [0, 2⇡] for each core q 2 [Q] using the
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by numerically summing up the pixels of the image. Each
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Finally, the ability to create a focus at the center x0 of the
camera plane [23, Fig.2(a)] is ensured by compensating the
dephasing due to the path difference of the light travelling in
each core up to x0 as
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The knowledge of these fields is sufficient to compute
any speckle S(x;↵) generated from a sketch vector ↵ =
(|↵q|ei✓q )Qq=1 using (13). Indeed, the influence of '0 in (36)
is constant for all cores q and will disappear with the square
modulus taken for building an image in intensity.
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Fig. 4: Schematic of the optical setup. Cutoff �c = 600nm, SLM=Spatial Light Modulator, MCF=Multi-Core Fiber, LP=Linear Polarizer, f=object to be imaged,
OD=Optical Density (neutral density filters).

Fig. 5: (left) SLM configuration (800 ⇥ 600 pixels). Each lenslet hexagonal
array is dedicated to one core. A blaze grating is applied to each microlens in
order to deflect the associated ray beams towards the MCF proximal end. The
rest (0th) of the laser beam is reflected out of the optical path. (right) Speckle
obtained from a randow draw of ↵ = (ei✓q )Qq=1 with ✓q ⇠

i.i.d.
U [0, 2⇡]. The

part of the speckle that will reach the camera is contained between the white
contour lines representing the studied object f .

SLM. The presence of the linear polarizer still induces some
power loss and yields a set of uncontrollably different but fixed
|↵q| 2 [0, 1], 8q 2 [Q].

Writing the generalized interferometric matrix G defined
in (15) and applying the debiasing procedure explained in
Sec. IV-B, we get the debiased observation model

y
c = B(f) + n

c. (37)

A slight abuse of notation is made in (37) with respect to
(27) writing B(v) := A

c(Gh[v]) applied to any non-vignetted
continuous object v, hence no FFT computation is involved.
In practice, we leverage the calibration to compute an estimate
B̂(v) := A

c(Ĝh[v]) that applies to any discrete image v 2 RN

with Ĝ defined simlarly to (15) excepted that the true complex
wavefields Eq are replaced by their estimates Êq . Note that in
practice Ĝ is never computed; we rather compute the observa-
tions as ym = hŜ(·;↵m),fi then debiase it.

For these experiments, we deviate from the guarantees pro-
vided in Sec. IV for two reasons: (i) we aim to recover a
discretization f of f and not of f� to leverage a small TV
norm in the non-vignetted object. (ii) we replace the `1-norm
in BPDN`1 by an `2-norm because it has a gradient hence it
bypasses an internal optimisation step, enforce a small TV-
norm of the object instead of `1 to promote piecewise constance
instead of sparsity and, we constrain the solution on the space
of positive values to compute an estimate of f as

f̃ = arg min
f

1
2kyc � B̂(f)k2 + ⇢kfkTV s.t. f > 0, (38)

with the empirical choice ⇢ = 109. Experimental reconstruction
analyses are provided in Fig. 6 for images of N = 256 ⇥ 256
pixels. The SNR computed between the vignetted ground truth

wf and the vignetted reconstruction wf̃ is given as

SNR(wf̃ ,wf) = 20 log10
kwfk2

kwf � wf̃k2
, (39)

with the discrete approximated vignetting w :=
Q�1

PQ
q=1 |Êq|2. In Fig. 6(a), transitions similar to those

in Fig. 3 occur for a small number of observations and
a plateau is reached around M = 5000, representing a
compression factor of M/N = 7.6%. The highest SNR reached
with Q = 110 cores is better than with Q = 55 cores, and this
can be associated to the highest coverage of high frequencies
whose effect can be viewed in Fig. 6(c-d,f-g). Compared to
the reconstruction obtained in Fig. 6(e) with the RS mode
modeled in Sec. II-B, the TV-norm penalty reduces the blur
of the reconstructed object. The low SNR values attained in
Fig. 6 are due to the comparison of the reconstructed images
with an imperfect “ground truth” which is also an estimation
of the sample f using white light illumination.

VI. CONCLUSION AND PERSPECTIVES

In this paper, we extended the mathematical modeling of
with an MCF-LI with speckle illumination by including the
physics of light propagation. This new model highlights that
the sensing of a 2-D refractive index map of interest is limited
both by the number of applied illuminations and the number
(and arrangement) of cores at the distal end of the MCF. We pro-
vided recovery guarantees and proofchecked the derived sample
complexities in both numerical and experimental conditions.

The generalization of the provided recovery guarantees is
not straightforward for orthonormal sparsifying bases  6= Id
that embed the mean of the image—unseen by the debiased
observation operator Ac—into a number of coefficients smaller
than the expected sparsity K (e.g., the mean is the first coef-
ficient in a Wavelet basis). In that case, the RIP`2/`2 in (A.5)
does not hold and we foresee two adaptations (i) particularize
the proofs to sparse signals with zeromean, i.e., belonging to
⌃0

K := {v 2 ⌃K : hvi = 0} (ii) adopt a Variable Density
Sampling (VDS) [50,51] approach that accounts for the local
coherence of the F isometry involved in the observations.
Future works about MCF-LI include experimental proof of
concept in endoscopic conditions, extension of the model to
vector diffraction theory, acceleration of the acquisition through
faster illumination switching using galvanometric mirrors and/or
multimodal effects, management of fiber bending and imaging
of 3-D maps.
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concept in endoscopic conditions, extension of the model to
vector diffraction theory, acceleration of the acquisition through
faster illumination switching using galvanometric mirrors and/or
multimodal effects, management of fiber bending and imaging
of 3-D maps.
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Fig. 6: Experimental reconstruction analyses on N = 256⇥ 256 images. (a) SNR(wf̃ ,wf) as a function of the number of single-pixel observations M for two
different numbers of used cores; Q = 55 in blue and Q = 110 in red. The solid lines (resp. light areas) represent the average (resp. ±1� positions) obtained
from 5 trials made with a different subset of observations. (b) Ground truth f obtained by illuminating the USAF target with white light passing through the
MCF (c-d) Reconstruction using M = {49, 2 · 104} respectively with Q = 55 cores (e) Rec. in RS mode (see Sec. II-B) (f-g) Same as (c-d) with Q = 110
cores. (b-g) are all zoomed in versions of the true camera plane seen in Fig. 5(right).
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APPENDIX A
PROOF OF PROPOSITION 2.

The proof of this proposition is inspired by the one of [29,
Lemma 2], itself inspired by [56]. This lemma was developed in
the context of sparse matrix recovery from SROP measurements
using a variant of BPDN regularized by the trace of the matrix
estimate. While certain elements of our proof are similar to the
one of that lemma, its adaptation to the context of sparse signal
recovery from BPDN`1 (with a `1 fidelity) is not direct, which
justifies the following compact derivations.

Let us first write f̃ = f + h with the true image f , and
some residual h 2 RN . Since f 2 ⌃K by assumption, and f̃

from the definition of BPDN`1 , we have h 2 ⌃K . We define the
support T0 = suppfK containing the indices of the K strongest
entries of f . Next, recursively for 1 6 i 6 d(N � K)/K 0e, we
define the supports Ti := supp

�
hT c

:i

�
K0 of length at most K 0

containing the indices of the K 0 strongest entries of hT c
:i

, with
T:i :=

Si�1
j=0 Ti, and T c

:i = [N ] \ T:i.
We first observe that, by construction, for all j 2 Ti+1

with i > 1, |hj | 6 1
K0

P
l2Ti

|hl| = 1
K0 khTik1 so that

khTi+1k2 6 1
K0 khTik21. This shows that

P
i>2 khTik 6 1p

K0

P
i>1 khTik1 = 1p

K0 khT c
0
k1. (40)

By optimality of f̃ in BPDN`1 and using two times the
triangular inequality, we have

kfk1 > kf̃k1 = kf + hk1 > kfT0 + hk1 � kfT c
0
k1

> kfT0k1 + khT c
0
k1 � khT0k1 � kfT c

0
k1,

so that

khT c
0
k1 6 2kfT c

0
k1 + khT0k1 6 2kfT c

0
k1 +

p
KkhT0k. (41)

Therefore, combining (41) and (40) we get
P

i>2 khTik  2
kfTc

0
k1p

K0 +
p
Kp
K0 khT0k, (42)

By linearity of B and since both f and f̃ are feasible vectors
of the BPDN`1 constraint, we note that since h = f � f̃

kB(h)k1 6 kB(f) � yk1 + kB(f̃) � yk1 6 2✏.

Therefore, if B has the RIP`2/`1(⌃k,mk,Mk) for k 2 {K 0,K+
K 0}, we can develop the following inequalities

2✏
M > 1

M kB(h)k1 > 1
M kB(hT:1)k1 � 1

M kB(hT c
:1
)k1

> mK+K0khT:1k � 1
M

P
i>2 kB(hTi)k1

> 1p
2
mK+K0(khT0k + khT1k) � 1

M

P
i>2 kB(hTi)k1

> 1p
2
mK+K0(khT0k + khT1k) � MK0

P
i>2 khTik

> 1p
2
mK+K0(khT0k + khT1k) � MK0

kfTc
0
k1+

p
KkhT0kp

K0 ,

where we used several times the triangular inequality, the fact
that |Ti| = K 0 for i > 1, and (42) in the last inequality. The
passage from the second to the third line is due to khT:1k2 =
khT0k2 + khT1k2 > (khT0k + khT1k)2/2.

Therefore, rearranging the terms, and since kfT c
0
k1 = kf �

fKk1, we get

2✏
M + MK0

kf�fKk1p
K0

> ( 1p
2
mK+K0 � MK0

p
Kp
K0 )khT0k +

mK+K0p
2

khT1k

> ( 1p
2
mK+K0 � MK0

p
Kp
K0 )(khT0k + khT1k). (43)
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Fig. 6: Experimental reconstruction analyses on N = 256⇥ 256 images. (a) SNR(wf̃ ,wf) as a function of the number of single-pixel observations M for two
different numbers of used cores; Q = 55 in blue and Q = 110 in red. The solid lines (resp. light areas) represent the average (resp. ±1� positions) obtained
from 5 trials made with a different subset of observations. (b) Ground truth f obtained by illuminating the USAF target with white light passing through the
MCF (c-d) Reconstruction using M = {49, 2 · 104} respectively with Q = 55 cores (e) Rec. in RS mode (see Sec. II-B) (f-g) Same as (c-d) with Q = 110
cores. (b-g) are all zoomed in versions of the true camera plane seen in Fig. 5(right).
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