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Introduction to random projections
and compressive sensing




The multiple use of random projections in “data science”

Object @ Random projection
“x” — y = ®(x)
signal smaller dimension
- image
audio  yolume . physics-driven  distinctive
measure compressed

Random “projections" are ubiquitous in:
Data mining & dimensionality reduction techniques
Sensing and imaging methods (optics, astronomy, ...)
Machine learning (sketching, explicit kernel, initialization, ...)

Randomized numerical methods, ...



From “Nyquist” Sensing...

Sampling method Signal

N\
A signal

(in a discrete world)



From “Nyquist” Sensing...

Sampling method Signal

Sparsity
Prior

A signal

(in a discrete world)

If x is sparse, @ is a wasteful sensing process!



... to compressive sensing

Sensing method  Signal

OBSERVATIONS y -
Generalized linear sensing B 0
] 0 |
Ui = (@) =i - , Sparsity
- o Prior
5 0
]
- 0
M ~ d.o.f. (x) A/ 8
;
L]
0
\_) Optimization, deep learning, !

greedy algorithms

)

Prior (sparsity)

. 1 N
.\ .’13 (estimate)




Examples of compressive sensors

“Rice One-pixel Camera”

Low-cost, fast, sensitive

optical detection >> Y; = Qg? T
PD v
A/D

Xmtr
b

Compressed, encoded
image data sent via RF
Image encoded by DMD DMD for reconstruction
@ and random basis

LT . %3

/Il EEEE ENEI RNG

e

DSP

(binary, fully random)

M. F. Duarte, M. A. Davenport, D. Takhar, J. N. Laska, T. Sun, K. F. Kelly and R. G. Baraniuk (2008) Single-pixel imaging via compressive sampling



Examples of compressive sensors

“Rice One-pixel Camera” “Diffuser Cam”

Low-cost, fast, sensitive ([ (@
optical detection )>> Yi = cp;-ra)
oo M , ! o o 1
Experimental setup 2D Reconstruction

A/D X
Z s - - # Reconstruction
Compressed, encoded _. Algorithm
image data sent via RF |
Image encoded by DMD DMD for reconstruction {;‘
@ and random basis ) W f
n J — = <( i Calibration /
JIEEA L ,|F \ 4
Il B E BB R BRI RNG DSP
e | | J
_
e - X

(binary, fully random) Ori g

M. F. Duarte, M. A. Davenport, D. Takhar, J. N. Laska, T. Sun, K. F. Kelly and R. G. Baraniuk (2008) Single-pixel imaging via compressive sampling
N. Antipa, G. Kuo, R. Heckel, B. Mildenhall, E. Bostan, R. Ng, L. Waller, L. (2017). DiffuserCam: lensless single-exposure 3D imaging.
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Why is it working? — embedding of low-complexity signals

Johnson-Lindenstrauss Lemma (1984)

For many random M X N matrices ® (e.g., Gaussian, Bernoulli, structured)

4 b 1 ‘ R Johnson & Lindenstrauss

"N ‘ .
R o L3 O D pOlﬂtS Prior

@ 'i" ‘ "',"‘ ‘ S p— {a’jz X 1 < i < D} |nf0rmation
Q. O ©

If M > Clog(D), then, with high probability,

| Pz, — Px;|| =~ ||T; — x|, Vi,J




Why is it working? — embedding of low-complexity signals

For many random M X N matrices @ (e.g., Gaussian, Bernoulli, structured)

M > d.of.(Zg) =< Klog(N/K)
|} (with high probability) |}

Geometry of ®(X ) ~ Geometry of Xk
bxr ~ Pr' < xxa

observations true signals

with x,x" € X, := {u : ||lul|, = | supp@m)| < K}

+ Many extensions to other sparsity models, low-rank matrices, ...
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Structured random projections

Challenge: dense matrices @ not optimal for:

memory and computational complexity

physically friendly implementation

sensing higher dimensional objects

Other solutions:

Fourier (FFT) or Hadamard matrices (or derivatives)

random subsampling

& modulation — O
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Focus on rank-one projections (ROP)

nxn

Object to project = symmetric n X n matrices X € |

e.g., image, volume, covariance matrices, ...

Projection with m random vectors {a; ~iiq a}iL; C R"
(e.g., Gaussian)

T
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s Chen & Goldsmith (2015) [& Cai & Zhang (2015) 1



Focus on rank-one projections (ROP)

nxn

Object to project = symmetric n X n matrices X € |

e.g., image, volume, covariance matrices, ...

Projection with m random vectors {a; ~iiq a}iL; C R"
(e.g., Gaussian)

-

Yy — (I)(X) T ( a,;l_XGJJ );nzl - %m Ilgllll

rank-one <CLJ Cl,;l_ ,X> EF

>

DDOEEEE Q
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I [
LEOOECC
COOECCE
I I [
LOOOECC
COEOOCE

Phase retrieval Covariance matrix estimation

xray

sample source
mask

diffraction %# A( ‘EZBZBT) ~ A(% Zk wkwk)

pattern
— % Zk[(a;mk)Z];ﬂ:l

for Ll ~iid L

(P, ) |* = pr(zz™)p)

s Chen & Goldsmith (2015) [& Cai & Zhang (2015) 13



Acquisition and imaging models
in radio astronomy




Radio interferometric sensing model

QL Sky intensity distribution
antennas focused on S
¢ o 02(l) = o2(l,m)

a (small) region & of the sky | ;_ /’\9 _
S~ [

§ 7 N
SN Cosmic signals
s(L,1) ~ CN(0,0%(1))
o Stochastic

Arcminute Microkelvin Imager (AMI)

1 Van Der Veen et al (2019) 15



Radio interferometric sensing model

QL Sky intensity distribution
antennas focused on ) -
Q m 02(l) — 02(l,m)

a (small) region & of the sky //,\9
S /

Cosmic signals

s(I,) ~ CN(0,02%(1))

i.1.d.

R /

Stochastic

o
=
=
Eea
Py
LE
=
"\
=

Antenna
measurements '

v v T Arcminute Microkelvin Imager (AMI)

4 Van Der Veen et al (2019) [)33'1 (t) L2 (t> L LQ (t)
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Radio interferometric sensing model

Sensing at g-th antenna signal: given the cosmic signal s(I, t) -~ CN (0,0%(1))
Stochastic LCq(t) — / S(l,t) g(l) eXP (IZTW p(J]_ (t)—rl )dl
. 2 . ,

cosmic ROV geometric delay
signal

signal

= Fourier transform of a stochastic signal on frequencies ()(t) = {pqL (t)}§:1
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Radio interferometric sensing model

Sensing at g-th antenna signal: given the cosmic signal s(I, t) -~ CN (0,0%(1))

Stochastic LCq(t) — /RQ S(l,t) g(l) cXP ( 27 pq ( )Tl )dl

cosmic FOV geometric delay
signal

signal

= Fourier transform of a stochastic signal on frequencies ()(t) = {pqL (t)}§:1

Radio-interferometry principle: let's make correlation/interference of antenna signals

g el Ve /’/ 7 N )
pr(8) [\ pa(t) p, (1) pQ@) Cij(t) := Elz;(t)x} (1))

r1(t)  w2() q(1) ro(h) C(t) = E[x(t)x"(t)]
m(t) = (:L‘l(t), ey IO (t))T () X O covariance
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Radio interferometric sensing model

By the Van Cittert-Zernike theorem (VCZ): x(t) = (z1(?), - ..

C(t) :=Elxt)z™(t) = Zowlo®] -

2D Fourier

with  (Zo)(07))k := Flo”] (ka ;pj )
| eV:=2"1(Q-Q)

() = {pr (D},
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Radio interferometric sensing model

2D Fourier
with — (Zy(0°))jx == Flo°]( B2 )
EVbZ:)\_l(Qb—Qb)

In practice — time averaging

B short-time integration intervals (STI) b1 phSTI ... B t
Wlth I discrete tlme inStantS : -OOOOOOOO?-;)OOOOOOOOOOOOOOOOOOOOOOOO%
oo [ e ]
x(1) = x,[]] € RE, E(-)~ (), E( )~ (),

Approx: over each STI, Earth & visibilities are fixed
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Radio interferometric sensing model

By the Van Cittert-Zernike theorem (VCZ): x(t) = (z1(t),...,z0(t)) "

Cy =35 mlizili) = To,[0°]
STl — <€Eb[]$Z[]>[ Eppursiinuove

2D Fourier
with — (Zy(0°)jk = Flo°]( B2 )
EVbZ:)\_l(Qb—Qb)

| ™
y
y \
\f‘ L . “

In practice — time averaging

B short-time integration intervals (STI)

with 7 discrete time instants :
x(t) = x,[i] € RE, E(-)= (),

O(Q?) visibilities per STI
— O(O?B) in total

Approx: over each STI, Earth & visibilities are fixed
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Radio interferometric sensing model

Two sensing operators : Acquisition

.90, 2 9 S W

1 (t) To (t) xq(1) rQ (t

(antennas level) x (1)

(OBI)
Sampling B STls, b € [B]

Xy, = {x[i] € C¥, i c [I]}

(correlator) (OBI - 0°B)

Covariances estimations
Cp(Xp) == (xp|-]zy|-])1
=7 Xios @lilz; 1]

Acquisition operator
X = Updp — \IJ(X) = Ub Cb(Xb)

O’B values

22



Radio interferometric sensing model

Two Sensing Operators ) Acquisition Imaging (for image reconstruction)
e Wt W e model model
5,95, 259,38 % 3
:Ul(t) azg(t) xq(1) :UQ(t
(antennas level) 513(?5) (image level)
(OBI)
Sampling B STls, b € [B] Sampling over a N-pixel grid
X, = {xy[i] € CQ, i€ [I]} ocRY
(correlator) (OBI - 0°B)

Covariances estimations
Cp(Xp) == (xp|-]zy|-])1
=7 Xios @lilz; 1]

(reconstruction level)

Acquisition operator Imaging operator
X pp— UbXb — \II(X) pp— Ub Cb(Xb) o NFFT> <I>[0'] — F[O’](V) — {Ib(d)}szl
O’B values VCZ O’B values

; equal in expectation —T (N — QZB)
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Imaging with radio-interferometry

_ (processed)
Inverse problem solving: Interfero data

\’
Find a valid & such that ®[g] ~ W (X)) Posedproden

without priors
T Imaging  Acquisition

Prior (sparsity) model model

24



Imaging with radio-interferometry

_ (processed)
Inverse problem solving: Interfero data

\’
Find a valid & such that ®[g] ~ W (X)) Posedproden

without priors
T Imaging  Acquisition

Prior (sparsity) model model

P

Interfero Optimization, deep learning (DL), ~ Estimated
Data \II(X) — greedy algorithms — 0 Image
1}

Prior (sparsity)
Example of algorithms:
CLEAN (greedy, aka Matching Pursuit), Basis Pursuit (optim), uSARA (optim), R2D2 (DL)

) J. A. Hogbom (1974) [ Y. Wiaux et al (2009) [ R. Carrillo et al (2023) [ A. Aghabiglou et al (2023) -



Challenges in radio-interferometry

Massive data stream @

o Fvisibilities V" = U,_, V', — O(0O’B)
e.g., for the square-kilometer array (SKA)
Q = 0(10°), B = 0(100) — Storing O(107) visibilities (&

o Computing F[6°1(7) via all {C,}2_, (with 1= 0(10%)
—s (Roughly) O(IB 0% = O(10° - 107 - 10'%) = O(10?")

Solution: compressive radio-interferometric (RI) sensing scheme
o Dress up an old scheme, beamforming, in new clothes
» Compress measurements at antenna & reconstruction levels

» Supported by theoretical guarantees (under a few simplifications)
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Compressive radio astronomy
with rank-one projections and an old trick




Beamforming = rank-one projections of covariance matrix

What if we create virtual antennas? Let's do beamforming

M)h p2<t>h/ h/pmh/ X/ X/
|

m1(?5) 5132(75) xq(t) f@(t) z(1)

Yy !

Beamforming =
creating virtual antenna for

- spatial filtering,

- directionality, Acoustic radar, Japan (1930)

28



Beamforming = rank-one projections of covariance matrix

What if we create virtual antennas? Let's do beamforming

M)h p2<t>h/ h/pmh/ X/ h/
|

m1(?5) 5132(75) xq(t) f@(t) z(1)

85| lﬁl %

—

2 virtual plt) = ooy gy (t)

antennas = (o, x(t)) Beamforming =

u@®, U L, e = >y Bymg(t) optimising a,, f, for, e.g.,
= (B, (1))

- spatial fllterlng,

= direCtiOna“ty, Acoustic radar, Japan (1930)
Given Q complex weights a,,p,

29



Beamforming = rank-one projections of covariance matrix

What if we create virtual antennas? Let's do sa

.- sketch-forming,

7 7 T 7 7 lazy-forming
pi(t) [\ pa(?) P, (t)
|

m1(?5) 5132(75) xq(t) f@(t) z(1)

Q1 gﬁl 0%,

; — Y9 ot '
) =52, B0 with (Zalo®])x = Flo®] (5220
= (B.2(1)

> Let's take a & [ randomly and
compute P ROPs per time/STI

30



We need new sensing operators

Acquisition operator Given {a;, 6pb}p e CO, {Ymp} b2 =1 C C? (Not specified yet)

.¥ b5 X
p1 (1) p2(1) Py (t) Pq(t) 4 b (t )
n(t)  (t) (1 ro (1)

(sampled antenna signals) (QBI) (as before)

(1st compression @antennas level) (OBI — PB)
Sampling B STls, b € [B]

Xy, = {xp[i] € CP, i € [I]}

(B STI, I time samples per batch)

Random beamforming: for p € [P] ROPs per b

ppbli] 2= by Tpli]); vpbli] := (Bpp, Tbli)

b—1 pth STl ... B

I g . §
Ypb = % D _iz1 Mpblt]vps i) = 0, Co By, | me— | !

x T EC-)=~ (- )
pbl [¥pbl /1
(Eepn ||V )

Still PB observations!

S

(87

pb Cb /pr

EEEEEEE ODODO0n | [ [ LI,

EEEREERE m O Ol

i § - R )
. o .

with C := @y [y L)s e E : : 1 |

N COOOR00OE B O O Ol

—IxLiwlioll gop oy v
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We need new sensing operators

Acquisition operator Given {a;, 6pb}p e CO, {Ymp} b2 =1 C C? (Not specified yet)

.¥ b5 X
p1 (1) p2(1) Py (t) Pq(t) 4 b (t )
n(t)  (t) (1 ro (1)

(sampled antenna signals) (QBI) (as before)

(1st compression @antennas level) (OBI — PB)
Sampling B STls, b € [B]

Random beamforming: for p € [P] ROPs per b
X, = {x[i] € CY, i € [I]|}

1| 1= (Qpp, Tp|T|), VUpplt| := , Ip|1
'upb[ ] < Po b[ ]> pb[ ] <I@pb b[ ]> (B STI, I time samples per batch)
I . . " b—1  bth STl ... B
Ypb = T D=1 Hpblilvpnli] = 03, CofBy, 0000000000000 boososedo-
<pr[]V;b]>I | EC-)=~(-) .
* Still PB observations!
o, Cv B
DEEEEEE O0OO000 = L] L] 0
"aeaata): - - 8 1p =,
. N JoOoooo0 & 1 4 2 L . B 0 —
with C := @y [y L)s e E : : 1 |
|1 DO0OEOOR & O ] ]
— 7T > i—1 Tolt|xy 1] ROP Y Y, Vg

Let’'s modulate and sum M times -



We need new sensing operators

Acquisition operator Given {a;, 6pb}p e C@, {vmb}m 1p=1 C C®@ (Not specified yet)

.¥ X vy
p1 (1) p2(1) P, (t) Pq(t) 4 b (t )
n(t)  (t) (1 ro (1)

(sampled antenna signals) (QBI) (as before)

(1st compression @antennas level) (OBI — PB)
Sampling B STls, b € [B]

Xy, = {xp[i] € CP, i € [I]}

(B STI, I time samples per batch)

Random beamforming: for p € [P] ROPs per b
ppbli] := (apb, Tu[i]), vpuli] := (Bpps Tbli])

Yoo = + i il [i] = o, CuLB,,
(pb [ vpp-]) 1

(2nd compression) (PB — PM)

Bernoulli modulations: for m € [M] modulations

*
(Ipb
CEEEEEE

M

i
Sy

X = W(X) = { 2 = 0Ly Yot U |
c{£1l}

PM values

m=1

with C := (@s[-]xp[-])s

I C)

ERnEEEEES
EEEEEEE
EEREEEE
DDDEEEE O

I
LOOO00E
I

]
~[=
ﬁ ~
p—d

S
S
=

S
S
=2
A
Q
<

= ROP of C := bdiag(C1,...,Cp)
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We need new sensing operators

Acquisition

h/ X/ X/ h/ 7 X/ mo d el
p1(1) po(t) Dy (1) PQ(t)

CEl(t) T (t xq(t) Qo (t

(1st compression @antennas level) (OBI)
Sampling B STls, b € [B]
X, = {x[i] € C¥, i € [I]}

Random beamforming: for p € [P] ROPs per b

,Upb[i] ‘= <apbaa3b[i]>7 Vpb[i] = </6pb’wb[i]> Modulated

Ypb = % ZZI 1 Mpb[ ]Vpb[ | = a;beIpr ROPs

ROP
(OBI — PB)

(2nd compression) (PB — PM)

Bernoulli modulations: for m € [M] modulations
~ B 3
X = W(X) = {2 = S0, v U |
c{+1} °

PM values
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We need new sensing operators

Acquisition  Imaging
X X X X - X model | model
p1(1) po(t) Dy (1) Dg (t)

CEl(t) T (t xq(t) Qo (t

(1st compression @antennas level) (QBI) (image level)
Sampling B STls, b € [B] Sampling over a N-pixel grid
Xy = {wsfi] € C9, i € [1]) o € RY

Random beamforming: for p € [P] ROPs per b

ppb ] = (O, Tpli]), vpbli] := (B, @ [i])
Modulated oy, Ty(o)
=} 1 wlilvplil = o, G e
Ypb = T 2_i=1 Hpb[tVpb|t] = CpCbPpp ROPs DEEEEEE CEOEC0E
ROP H0EHOH &
(OBl — PB) s O000008 O
Q“B visibilities EEEEEEE =
(2nd compression) (PB — PM) (compression for the reconstruction level)
Bernoulli modulations: for m € [M] modulations ROP / [ ](Vb) P .
X - WU(X)= {zm = D p—1 Ymb Yoy _. Mod. M
c{+£1l} - ’ — { Zb=1 /ymbyb}mzl
PM values PM values
VCZ

; equal in expectation —T (N - PM)
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Reconstruction guarantees?

Questions:

For which (distribution on) {@,,, ;. 7,,»} can we estimate the image 67

Which compression ratios can we reach?

Our answers:

1. Theory: ok if {a,,,p,,} are random and (sub)Gaussian

but without modulations (y,, =1, M = 1) and P large enough

2. Experiments: ok if {a,,,p,,,7,,»} are random and (sub)Gaussian

36



Reconstruction guarantees? Theory for a simplified scenario

Batched ROP model: sum without modulation (y,, =1, M = 1)

N i Flo](Vs) - Flo](V)
®lo| =), 4log, Ti(o) ’Hpb]p:]. — [a; Z(o) ﬁp] =

with o, = [ogs]y’ 1, B, = [Bpp)i1, Z = bdiag(Z1,...,Ip).
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Reconstruction guarantees? Theory for a simplified scenario

Batched ROP model: sum without modulation (y,, =1, M = 1)

N i Flolvy) Flo
(o] = Y0 oy, To(o) Byl = [ (o

with o, = (o], B, = [Bly1, T = bdiag(Z1,...,Ip).

(under specific simplifying assumptions)
If {e,,.p,,} are (sub)Gaussian, given a sparsity level K
and provided P = O(K) and O°B = O(K) (up to logs),

then, with high probability, given the observations z = ®[o] + noise,
I-lh<e

an Z;-minimization gives an estimate ¢’ with

|o— o' < C17ZEh 4 Doe

for some C,D > 0.
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Reconstruction guarantees? Simulations

Modulated ROP model (MROP):
Monte Carlo simulations
N =10% B =100, Q =27
Various K, P, M
Very Large Array (VLA) visibility /frequency coverage

star field

N =100 x 100

Phase transition diagrams (success if SNR > 40 dB)

23 15, 23 1.0
o i 0.8
e 35 PEEEST: g
b 0.6 :
P 12 N @
10 ' %
- 0.2 &
5
40 60 80 100 120 140 40 60 80 100 120 140 5 15 25 35 45
(b) K (c) K (d) M

High reconstruction success as soon as PM > CK, with C ~ 5.

—~ PM < O’B =170200
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Radio Galaxy 3C353, uSARA reconstruction

Reconstruction for the image of the Radio Galaxy 3C353 1

Classical reconstruction = all visibilities

Basic subsampled visibilities

Baseline dependent averaging (BDA*)

and, ours, the MROP sensing models

Chandra & VLA »
10
Parameters:

#Visibilities (V = Q°B) / #Pixels (N) = 14.5

Total number of measurements: D = PM

ROP compressions levels: D/N
€ {9.8 10-1, 3.8 101, 6.1 102}
Simulated MeerKat visibilities (Q=64)

(a) (b)

uSARA reconstruction (Terris et al, 2022)

() (d)

(inverse problem solving with “average sparsity” prior)

% *S.J. Wijnholds et al (2018)

MeerKat visibilities

40



Radio Galaxy 3C353, uSARA reconstruction

Dirty O¢d Reconstruction O
(SNR, logSNR) = (26.8, 28.9) dB

Two compression metrics
D/VB and D/N

Classical

Total # measurements:

D = PM (D/VB, DIN) = (1.00, 83.1)
Total " visibilities: (SNR, 10gSNR) = (26.7, 29.2) dB
V=0’B )
2 igh
Total # pixels: © Higner
N A Compression
e

Rates

(D/VB, D/N) = (0.423, 35.2)
(SNR, logSNR) = (18.7, 10.0) dB

S

32

Subsampled Py,

(D/VB,DIN) = (1.18 1072, 0.984)
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Radio Galaxy 3C353, uSARA reconstruction

Dirty 04 Reconstruction O Dirty Od Reconstruction O
(SNR, logSNR) = (26.8, 28.9) dB ' (SNR, logSNR) = (26.7, 29.0) dB

Two compression metrics

D/VB and D/N - é‘g .
]
Total # measurements: S =

D =PM
Total # visibilities:
V=0°B
Total # pixels:
N

(D/VB,DIN) = (1.00, 83.1)
(SNR, logSNR) = (26.7, 29.2) dB

(D/VB,DIN) = (1.17 1072, 0.977)
(SNR, 1ogSNR) = (25.6, 26.8) dB

PM =2.5 10"

MROP MD®

(D/VB, D/N) = (0.423, 35.2) (D/VB, DIN) = (4.59 1073, 0.381)

(SNR, logSNR) = (18.7, 10.0) dB ~‘ T WA ,,4‘ "1 »'}‘* gy (SNR, logSNR) = (21.3, 14.1) dB
. ) X !.\J; L ’J"'qh‘ '-'..“.:.L }
‘ ‘:‘ N .J’J;r"’r »..-w"»i ;5 "'ﬂ,‘-
E e“&; . s ::1‘ AT
=) ~ o=
D en E <k
= <
g_‘ 2 % I '
2 2
3 = B
N

(D/VB,DIN) = (7.34 107%, 0.0610)

(D/VB,DIN) = (1.18 1072, 0.984)

-0.1 0.0 0.1 0.2 0.3 10741073 1072 10! 1 10741073 10~2 10°! 1
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Conclusions and perspectives

Summary:

Interferometry and “beamforming’ — ROP + Fourier
(also used in Optics: random illumination with multicore fibers)

Additional compression for multiple STl — modulated ROP

Theory + simulations and experimental data confirmation
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Conclusions and perspectives

Summary:

Interferometry and “beamforming’ — ROP + Fourier
(also used in Optics: random illumination with multicore fibers)

Additional compression for multiple STl — modulated ROP

Theory + simulations and experimental data confirmation

Open questions:
Integrating frequency weighting?
Faster ROP models?

Calibration through beamforming sensing?

Ll



Thank you for your attention!
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Beyond astronomy... a more general distributed or dynamical context

Linked covariance model:

Given B datasets 2, = {x(b)}N1 C R all of the same size N, with 1 < b < B.

with .xl. Niid ./V(O, Zb)’ with Zb — §b(9) e | dXd, for some common @ € | K

Johannes Maly

(LMU)



Beyond astronomy... a more general distributed or dynamical context

Linked covariance model:

Given B datasets 2, = {x(b)}N1 C R all of the same size N, with 1 < b < B.

with .xl. Niid ./V(O, Zb)’ with Zb — §b(9) e | dXd, for some common @ € | K

1st measurement process: for al.(b) ,B.(b) ~ N(0,1,)

X — Ap(%) = {aV T[S0 2V T B AX) = {Ap(X)} B, € R™E

with LEA; Ay (X)) = Xy ~ X

Measurement compression: for Y& ~ %{+1}%, 1 < g <G,
. B
2= (21,...,2¢)" with z, := 32~ 4, (1)

e Research question: Can we estimate 6 from z ? Johannes Maly

(LMU)
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Visibility-based acquisition of MROP {2,

vey
.
. veo
.....
.. M

o*
oo’
ee®®
.o®
oo csssseec?®
coe

at each STI (b), compute the covariance matrix (classical)

Antenna
signal set Xb Covariance matrix Upper triangle selection
zp[1]  @pl] (1] x;[1] xy (1] xp[] Cb Cb 7C,
IZIZ- ‘B
CHT TR B
Batch b

(visibility domain)

then do ROP across STls after visibility weighting

Visibility weighting ROP Bernoulli modulations S“fm Onlthe gy MROPs
W, JC, TG, * C Yo Y g-h  gz® Ry

b1~ p ‘ CI; ﬁblmﬂbpy z
: ] X [1TH-m + —
SARRR TR aEr o o
21Z2 XM : }PM
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(compressive interferometry #1)

Lensless interferometry &
rank-one projections

O. Leblanc* L. Jacques* M. Hofert H. Rigneaultt S. Sivankutty?

*: ISPGroup, INMA, UCLouvain, Belgium.  : Institut Fresnel, France. +: PhLAM, France.



Lensless endoscopy: focused mode

N Photodetector
L1
0
/ N\
SNV A .
"\ core
=30

Laser Single pixel detect . . |
M/ e PEEEEEE Multicore Fiber
i Multicore
o e focused beam

Wavefront  Optics optical fiber
shaper

Imaged
(biological)
sample

Fluorescence signal

Highlighted point .
Raster Scanning

Sensing model

LNEN
W
l:. e O
>|< A — ®
Vi v
N el
®
¢

Biological sample

s Andresen et al., 2016. |4 Sivankutty et al., 2018. 8



A closer look to sensing model

Back to the model...

W Optics N\ @
/
] g
a — (041, T ,CVQ)T () cores located on
SLM configuration Q — {qj }]Q: ] Speckle

Random? P
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A closer look to sensing model

Back to the model...

W S
W Optics
_ T
a — (041, T ,CVQ) () cores located on
SLM configuration Q — {q }Q_ Speckle
743=1
s P

|— You O</ ;zjik;)f(m) Iz = (¢a, f)

Measurement model
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A closer look to sensing model

Back to the model... W Photodetector gy

a — (041, T ,CVQ)T () cores located on
SLM configuration Q — {q }Q [ f ........ Z ............ Speckle
J ]:1 ar ﬁe]d . SO
<> Q’Q//\ (84

However, speckles are interferences: (under far-field approximation)

27 (4. T

PalT) o< w(x) Z?k:l OOty € 33 (g;—q;) =
FOV Core pair
window interference

Can we do compressive sensing?
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A closer look to sensing model

Back to the model... W Photodetector gy

a — (041, T ,CVQ)T () cores located on
SLM configuration Q — {q }Q [ f ........ Z ............ Speckle
J ]:1 ar ﬁe]d . SO
<> Q’Q//\ (84

However, speckles are interferences: (under far-field approximation)

271

(f(@), pal@)) o< (w(@) f2), X F, ) ajagexs (4= @)

N

Can we do compressive sensing?
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(noiseless) Interferometric sensing model

Therefore

2771

(froa) = Sy a0 [ fpe €32 G=0) @y () f(x)dz]
o LZlwfla - ROP!

with the (Hermitian) interferometric matrix Z[wf] € C@*Q s.t.

ThofDyn = | ¥ @O0 = 0(@)f(2) do

R2
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(noiseless) Interferometric sensing model

Therefore

2771

(froa) = Sy a0 [ fpe €32 G=0) @y () f(x)dz]
o LZlwfla - ROP!

with the (Hermitian) interferometric matrix Z[wf] € C@*Q s.t.

2771

Tlwf)n = [ E002 w(@)f(e)de = Fluf)(V)

R2 u

Observation 1: denser Fourier sampling if

Flwf] V| ~ 02
; /; V|~ Q
.+ Lattices are bad core arrangements
° ° ¢ + Fermat’s spiral i1s not bad
®
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(noiseless) Interferometric sensing model

Therefore

2771

(froa) = Sy a0 [ fpe €32 G=0) @y () f(x)dz]
o LZlwfla - ROP!

with the (Hermitian) interferometric matrix Z[wf] € C@*Q s.t.

Tlwf)n = [ E002 w(@)f(e)de = Fluf)(V)

R2 u

Observation 2:

Flwf] il mmmmmmeee- :
. /; + Low-complexity on f

: - :

¢ | o o . Low-complexity on I .
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Interferometric sensing model

Composition of two sensing methods o ¢
T L9
Yy = <ya17'°' 7yam) :(I)(I[wf])_l_n()ise7
QO !

m X (Q°

with ®(M) := {(a;af, M)p}™ .
Sample complexities of interest:

@) Does ® capture enough from Z? < m big enough?

€) Does I capture enough from f7 <> () big enough?

Core arrangement?

A few answers from a few simplifications ...
Theory + Simulations + Experimental results
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Theoretical guarantees

Given
a discretisation f of wf over N pixels

a frequency coverage 7" respecting usual CS conditions (RIP)

(under specific simplifying assumptions)
If the {«;} are (sub)Gaussian, given a sparsity level K
and provided M = O(K) and Q% = O(K) (up to logs),

then, with high probability, given the observations z = ®'[f] + noise,
[-ll1<e

an Z;-minimization program gives an estimate f” with

H.f_f,HZ < C”.f_.fKHl - D

€
VK M

for some C,D > 0.

Proof idea: @' = centering of ®; show that d’ respects a variants of the restricted isometry property.
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ms

1-D simulations: phase transition diagra

Simplified setting:

1-D core arrangement, N = 256 240 |

K-sparse vectors 180

M
Random {a;}Z,

60
O,M, K varying 30

80 trials, Success if > 40 dB

M =122

192 - 240 7

106 - 210 -

90: 180 1

2 7] — 1501

58 - — 120 -

42: 90 A

26 60
10 20

4 7 1013 16 19 22 25 28 31 34 37 40 4 7 101316 19 22 25 28 31 34 37 40
K K

‘V| 120 |

T 240

180 ‘V‘

T 120

8 47

M 122

—_
-

240 I
210 : - (0.8
180 I =
I av)
= —
—— 150 ] 0.6 0
' o
— 120 [
| 0.4 §
90 I N
60 0.2
30
0.0

10 26 42 58 74 90 106 122

M
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Experiments (in Institut Fresnel, France)

“In theory, theory and
practice are the same.
In practice, they are
not.”

JOO

ﬁ@a‘

1

Single pixel

Pixel summation
/\

— A, Einstein

(Adapted from xked #1233)

Lo

OD filters

+ a lot of calibrations & validations
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Experiments (in Institut Fresnel, France)

Average SNR (5 trials) USAF target O =55 O =110
"T(a) () N = 256 x 256
N
N
. Ground truth M = 20000
< 5 / (g)
.
4
3] 4 |
N — Q=110 ’
| — Q=5 M = 20000

0 5000 10000 15000 20000
M
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